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In this thesis, mixed finite element models of beams and plates bending are 
developed to include other variables (i.e., the membrane forces and shear forces) in 
addition to the bending moments and vertical deflection, and to see the effect of it on the 
nonlinear analysis. Models were developed based on the weighted residual method. 
The effect of inclusion of additional variables is compared with other mixed 
models to show the advantage of the one type of model over other models. 
For beam problems the Euler-Bernoulli beam theory and the Timoshenko beam 
theory are used. And for the plate problems the classical plate theory and the first-order 
shear deformation plate theory are used. 
Each newly developed model is examined and compared with other models to 
verify its performance under various boundary conditions. In the linear convergence 
study, solutions are compared with analytical solutions available and solutions of 
existing models. For non-linear equation solving direct method and Newton-Raphson 
method are used to find non-liner solutions. Then, converged solutions are compared 
with available solutions of the displacement models. 
Noticeable improvement in accuracy of force-like variables (i.e., shear resultant, 
membrane resultant and bending moments) at the boundary of elements can be achieved 
by using present mixed models in both linear and nonlinear analysis. Post processed data 
of newly developed mixed models show better accuracy than existing displacement 
based and mixed models in both of vertical displacement and force-like variables. Also 
present beam and plate finite element models allow use of relatively lower level of 
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The objective of this study is to investigate the performance of finite element 
models based on mixed weighted-residual formulations of beams and plates.  In 
particular, the study investigates merits and demerits of the newly developed mixed 
finite element models of beam and plate bending based on weighted-residual and mixed 
formulations. The von Karman nonlinear equations[1, 2] of beams and plates[1, 3] are 
used to develop alternative finite element models to the conventional, displacement-
based, finite element models[4]. Once the basic models are developed and critically 
evaluated in comparison to the conventional, displacement-based, finite element models, 
they can be extended to other beam and plate structures with proper modifications. For 
example, the plate bending models can be extended to the laminated composite 
structures with proper laminate equations[3, 5]. 
The mixed finite element models of beams and plates were developed more than 
two decades ago by Putcha and Reddy[6, 7] to overcome the drawbacks of the 
displacement based models. The basic idea of mixed finite element model is to include 
more than two different types of fields in the finite element model as independent 
variables. For example, the bending moment of the beam element can be included as 
independent variable, in addition to the axial and transverse displacements.  
The mixed finite element models[7] developed in past only included bending 
moments as independent variables to reduce the differentiability of the transverse 
displacement component[7]. This mixed models can provide the same level of accuracy 
for the bending moment as that for the displacement fields, whereas in the displacement 
based model the bending moment is calculated at points other than nodes in the post 
processing step[1, 4]. Thus, the displacement finite element models cannot provide the 
same level of accuracy for force-like variables as in the mixed finite element models. 
________________ 
This thesis follows the style of Computational Method in Applied Mechanics and Engineering. 
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In the present study, mixed finite element models are developed to include other 
variables (i.e., the membrane forces and shear forces) in addition to the bending 
moments, and to see the effect of them on the nonlinear analysis. The effect of including 
other variables will be compared with different mixed models to show the advantage of 
the one type of model over other models. 
For the nonlinear beam bending problems[1, 8], three different mixed models 
based on the Euler-Bernoulli beam theory[4, 9] and one mixed model based on the 
Timoshenko beam theory[4, 9] are developed. For the nonlinear plate bending problems, 
two different mixed models based on the classical plate theory[1, 3] and two mixed 
models based on the first-order shear deformation plate theory [1, 3] are developed. 
To verify the performance of the newly developed finite element models, 
numerical results of them are compared with those of the existing displacement based 
finite element models[1, 7]. For each beam bending model, three types of boundary 
conditions (i.e., clamped-clamped (CC), hinged-hinged (HH), and pined-pined (PP) 
boundary conditions.) are examined and the results are compared. For plate bending 
model, three types of boundary conditions (i.e., the simple support I (SS1), the simple 
support III (SS3), and the clamped (CC) boundary conditions.) are examined and the 
results are compared with those of the conventional finite element models[1, 7]. 
For each of the beam models, three different Lagrange type interpolation 
functions[4, 10] (i.e. linear, quadratic and cubic) are used for the approximation of the 
variables to see the relations between the degree of interpolation functions and the 
accuracy of the solutions. For each of the plate bending models, two different Lagrange 
type interpolation functions[4, 10] (i.e. 4-nodes and 9 nodes) are considered. Then, the 
post-processed data on the stresses and the moments of the equilibrium state in the 
various models are compared. 
The finite element Models are implemented using Maple 9.5 [11] for the beam 
bending models and the Fortran [12]  for the plates bending problems. All graphs and 








Fig. 1.1 Undeformed and deformed EBT and TBT beams, source from [2]. 
 
To develop new nonlinear mixed finite element models of beam bending, the 
Euler-Bernoulli beam theory and the Timoshenko beam theory are considered. Due to 
the assumption of moderate rotation[1] of a beam cross section perpendicular to the x-
axis, a geometric nonlinearity[1] can be considered for the present study. As a 
consequence, the nonlinearity only appears as square of the slope (i.e., ሺ݀ݓ଴/݀ݔሻଶ ) in 
the formulations. Detailed geometry and characteristics of both beam bending theories 





1.1.1 Kinematics of EBT 
 
By taking the horizontal axis (i.e., longitudinal direction of the beam) of the beam 
to be located along the x-axis, and the vertical axis (i.e., direction along the height) to be 
located along the z-axis, the displacement field[3, 8, 14] of the EBT can be given as 
follow (see Reddy[1]): 
 
ݑ ൌ ݑ ሺݔሻ െ ݖ ቆ
݀ݓ଴ሺݔሻ
݀ݔଵ ଴
ቇ ,  
ݑଶ ൌ 0   ,  
ݑଷ ൌ ݓ଴ሺݔሻ   . (1.1)
 
The von Karman strain[1, 2] associated with the displacement field of the EBT is 
given as follow: 
 
ߝ௫௫ ൌ ߝ௫௫଴ ൅ ݖߝ௫௫ଵ    . (1.2)
 

















   . (1.3)
 
1.1.2 Equilibriums of EBT 
 
Here, the equilibrium equations[11] of the EBT are derived by using the force and 
the moment equilibrium of the infinitesimal free body diagram[1] given in the Fig. 1.2.  
The vertical shear force resultant can be defined only in terms of the bending moment, 









By Taylor’s expansion[15, 16], each of the resultants on the right hand side of the 
free body diagram (see Fig. 1.2) can be expanded to the left hand side by following 
equation [15, 17] 




















ሺ∆ݔሻሺ௡ሻ ൅ ڮ   , 
 






where ܴ௜ሺݔሻ is an arbitrary resultant on the left side of the element, and ܴ௜ሺݔ ൅ ∆ݔሻ is 
the associated value on the right side of the element. Then, every term multiplied by 
ሺ∆ݔሻ ଶ from the expansion can be omitted by taking the limit of ∆ݔ ՜ 0. Then the x-





՜ ෍ ܨ  ൌ ௫௫ ൅ ൬ܰ ൅
݀ ௫ܰ௫
௫  െܰ ௫௫ ݀ݔ
∆ݔ൰ ൅ ݂ሺݔሻ∆ݔ  




՛ ෍ ܨ  ൌ െ ൬ܸ ൅
݀ ௫ܸ
ሻ∆ݔ ൌ 0 ,  
௭  ௫ܸ ௫ ݀ݔ
∆ݔ൰ െ ݍሺݔሻ∆ݔ  
                ൌ
݀ ௫ܸ
݀ݔ
∆ݔ ൅ ݍሺݔሻ∆ݔ ൌ 0 . (1.5)
 
By taking the positive y-direction to be the direction of going through the board, 
the y-direction moment equilibrium can be written as follow: 
 
օ ෍ ܯ ൌ ܯ െ ൬ܯ
݀ܯ௫௫
௬ ௫௫ ௫௫ ൅ ݀ݔ
∆ݔ൰ ௫ ݀ݔ
൅ ൬ܸ ൅
݀ ௫ܸ ∆ݔ൰  ∆ݔ











                  ൌ ൤െ
݀ܯ௫௫
݀ݔ
൅ ௫ܸ ൅ ௫ܰ௫
݀ݓ଴
݀ݔ











቉ ሺ∆ݔሻଶ ൌ 0 . 
(1.6)
 
We can obtain a point equilibrium of the forces and the moment, by dividing 
above equations by ∆ݔ, and taking the limit of ∆ݔ ՜ 0. Finally, following equilibrium 




൅ ݂ሺݔሻ ൌ 0   ,  
݀ ௫ܸ
݀ݔ








ൌ 0 . (1.7)
 
1.1.3 Constitutive Relations and Resultants of EBT 
 
In the present study, the beam is assumed to obey the linear elastic relation, thus 





ߪ௫௫ ൌ ܧߝ௫௫ . (1.8)
 
The stress and moment resultants[1] can be defined as, 
 











቉ ,  
ܯ௫௫ ൌ න ݖሺߪ௫௫ሻ݀ݕ݀ݖ
஺





where the ܣ is the cross section area of the beam, the ܫ[1] is the second moment inertia 
of the cross section(about the y-axis) and the ܧ is the Young’s modulus[18, 19] or elastic 
modulus. 
 
1.2 Review of Timoshenko Beam Theory (TBT) 
 
1.2.1 Kinematics of TBT 
 
By taking the horizontal axis (i.e., longitudinal direction) of the beam to be located 
along the x-axis and the vertical axis (i.e., direction along the height) along the z-axis, 




ݔሻ ൅ ݖ߶௫ሺݔሻ  ,  
ݑ ൌ 0  , 




Note that instead of the slope of the deformed beam axis (i.e.,  െ݀ݓ௢/݀ݔ ), the 
shear rotation[14] ߶௫  was included to account for the shear rotation of the cross section. 
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The von Karman strain[1] associated with the displacement field of TBT can be given as 
follow: 
 
ߝ௫௭ ൌ ߝ௫௭଴  , 











݀ݓ଴ ൅ ߶௫൰ , 
ߝ௫௫଴ ൌ
݀ݑ















  . (1.12)
 
1.2.2 Equilibriums of TBT 
 
By substituting the strains into the virtual work statement[8], the equilibrium 
equations of the TBT can be obtained. By the principle of the virtual work[1, 8], it can 
be stated, ‘if a body is in equilibrium, the total virtual work done by actual internal as 
well as external forces in moving through their respective virtual displacement is 
zero’[1]. It can be expressed by following equation[8], 
 
ߜܹ௘ ൌ ߜ ூܹ௘ ൅ ߜ ாܹ௘ ൌ 0   , (1.13)
where, 
 





















Note that ܳ௜௘  are the generalized nodal forces[1] and ߜ∆௜௘  are the virtual 
generalized nodal displacements[1]. 






















௫ܰ௫ ൌ න ሺߪݔݔሻ݀ݕ݀ݖ
ܣ
   ,  
ܳ௫ ൌ න ሺߪݔݖሻ݀ݕ݀ݖ
ܣ
   ,  
ܯ௫௫ ൌ න ሺߪݔݔݖሻ݀ݕ݀ݖ
ܣ
   . (1.14)
 
By substituting the force resultants, the moment resultants and the virtual strains 
given in the (1.14) into the (1.13), the following energy equation can be directly obtained. 
 
0 ൌ ߜ ூܹ௘ ൅ ߜ ாܹ௘ 
 

































Then, by collecting the coefficients of the variations of the displacement terms in 







ߜݑ0 ׷ െ ݀ݔ
 





൬ ௫ ௫௫ ݀ݔ
ܳ ൅ ܰ
݀ݓ଴൰ െ ݍሺݔሻ ൌ 0 ,  
ߜ߶௫  ׷ െ
݀ܯ௫௫
݀ݔ
൅ ܳ௫ ൌ 0  . (1.16)
 
By comparing the equilibrium equations of the EBT given in the (1.7) and the 
TBT given in the (1.16), it can be shown that the shear resultant ௫ܸ of the EBT can be 
related to the shear resultant ܳ௫ of the TBT by the following equation[1]. 
 
௫ܸ ൌ ܳ௫ ൅ ௫ܰ௫
݀ݓ଴
݀ݔ
  . (1.17)
 
Essentially, the equilibrium equations of the EBT and the TBT are the same, but 
the specific variables involved may have different meanings. In this case, ௫ܸ is the shear 
resultant acting on the plane perpendicular to the x axis, while ܳ௫ is the shear resultant 
acting on the deformed plane (see Reddy[1]). 
 
1.2.3 Constitutive Relations and Resultants of TBT 
 
Since there are two non-zero strain components in the TBT, we have two stress 
components from the constitutive relations. By assuming that the beam obeys linear 
elastic relation, the stresses can be related to strains as follow: 
 
ߪ௫௭ ൌ 2ܩߝ   ,




The generalized resultant forces can be calculated by the definition given in the 
(1.14) as follow: 
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ܳ ൌ ܭ ܩܣ ௫ ൅
݀ݓ
݀ݔ௫ ௦
൬߶ ଴൰  
௫ܰ௫ ൌ ܧܣ
݀ݑ଴















   , (1.19)
 
 
where ܣ is the cross section area of the beam, ܫ is the second moment inertia of the cross 
section, ܭ௦ሺൌ 5/6ሻ is the shear correction factor[14], ܩ is the shear modulus[19] and ܧ 
is the Young’s modulus. 
 
1.3. Review of Classical Plate Theory (CPT) 
 
 




The major difference between the CPT and FSDT comes from the displacement 
field given in the Fig. 1.3.  
 
1.3.1 Kinematics of CPT 
 
The CPT can be considered as an extended 2-D version of the EBT. Thus the 
displacement field of the CPT is very similar to that of the EBT. The displacement field 
of the CPT with Kirchhoff  hypoth  can be given by, esis[1, 3]
ሺ ሻ ሺ ሻ








଴ ቇ ,  
ݑଷ ൌ ݓሺݔ, ݕ, ݖሻ ൌ ݓ଴ሺݔ, ݕሻ . (1.20)
 
And with the assumption[1] of small strain but moderately large rotation, we can 
simplify the components of the nonlinear strain tensor[20]. Then the components of the 





































































  . (1.21)
 
By substituting the displacement field described in the (1.20) into the components 
of the strain tensor given in the (1.21), the following specific von Karman nonlinear 






















































1.3.2 Equilibriums of CPT 
 
The CPT can be derived by using vector approach[11] with the infinitesimal free 
diagram of the Fig. 1.4. Since it is assumed that the plane stress condition is still valid 
for the in-plane forces, the x, y and z-direction force equilibriums and x and y-direction 
moment equilibriums of the infinitesimal plate element[3] can be stated by using the 








With the Taylor’s expansion given in the (1.4), we can set the equilibriums of the 
forces and the moments in the given directions, as follow: 
 
The x-direction force equilibrium: 
 
՜ ෍ ܨ ൌ   ൤ሺܰ ሻ ൈ ∆ݕ െ ൬ܰ ൅
߲ܰ
߲ݔ௫ ௫௫ ௫௫
௫௫ ∆ݔ൰ ൈ ∆ݕ൨  
                      ൅ ቈ ൯ ൈ െ ቆ ௫ܰ௬ ൅
߲ ௫ܰ௬൫ ௫ܰ௬ ∆ݔ ߲ݕ
∆ݕቇ ൈ ∆ݔ቉  






ቇ ∆ݔ∆ݕ ൌ 0 . (1.23a)
 
The y-direction force equilibrium: 
 
՛ ෍ ܨ௬ ൌ ቈ൫ ௬ܰ௬൯ ൈ ∆ݔ െ ቆ ௬ܰ௬ ൅
߲ ௬ܰ௬
߲ݕ
∆ݕቇ ൈ ∆ݔ቉  





∆ݔቇ ൈ ∆ݕ቉  






ቇ ∆ݔ∆ݕ ൌ 0 . (1.23b)
 
The z-direction force equilibrium: 
 




                      ൅ ௬ܸ൯ ൈ ∆ݔ െ ቆ ௬ܸ ൅
߲ ௬ܸ
൰ ൈ ∆ݕ൨  
ቈ൫
߲ݕ
∆ݕቇ ൈ ∆ݔ቉ ൅ ሾݍሺݔ, ݕሻ ൈ ∆ݔ ൈ ∆ݕሿ  






൅ ݍሺݔሻ൱ ∆ݔ∆ݕ ൌ 0. (1.23c) 
 
In the force equilibriums of the CPT, it is assumed that the plate is in the plane 
stress condition[18] for the in-plane forces. So by including some portion of in-plane 
15 
 
forces only for moment equilibriums, following equations of moment equilibrium can be 
obtained. 
 
The y-direction moment equilibrium: 
 
ր ෍ ܯ௫ ൌ ൤ሺܯ௫௫ሻ െ ൬ܯ௫௫ ൅
߲ܯ௫௫
߲ݔ




ൈ ݔ∆  
                       െ ቊെ ൬ ௫ܸ ൅
߲ ௫ܸ
߲ݔ













቉ቋ ൈ ∆ݕ ൈ ∆ݔ 





























∆ݕ െ ݍሺݔ, ݕሻ
∆ݔ
2
ቇ ∆ݔ∆ݕ ൌ 0. (1.23d)
 
The x-direction moment equilibrium: 
 
ք ෍ ܯ௬ ൌ ቈ൫ܯ௬௬൯ െ ቆܯ௬௬ ൅
߲ܯ௬௬
߲ݕ




ൈ ݕ∆  
                       െ ቊെ ቆ ௬ܸ ൅
߲ ௬ܸ
߲ݕ













































∆ݕ െ ݍሺݔ, ݕሻ
∆ݔ
2




1.3.3 Constitutive Relations and Resultants of CPT 
 
In the present plate bending problem, it is assumed that every in-plane stress and 
strain remain plane stress[18] condition. For the orthotropic plane stress condition, the 

















where the components of the matrix ሾܳሿ are given by, 
 
ܳଵଵ ൌ  
ܧଵ
െ ଶߥଶଵ1 ߥଵ







ܳଶଶ ൌ  
ܧଶ
1 െ ߥଵଶߥଶଵ
  , ܳ଺଺ ൌ ܩଵଶ . (1.25)
 
 
Note  ܧଵ and ܧଶ are the elastic modulus [19] of the x and y-direction respectively,  
ߥଵଶ and ߥଶଵ are the Poisson’s ratio and the ܩଵଶ is the shear modulus. 
 
By dividing the (1.23a to e) by ሺ∆ݔ ∆ݕሻ, and taking the limit of ∆ݔ,   ∆ݕ ՜ 0, the 






















































By locating the x axis along the mid-plane of the plate element, the resultants of 



























݀ݖ  . (1.27)
 
By using the constitutive relations given in the (1.25) and the definitions of the 
resultants given in the (1.26), the following equations of the resultants can be obtained. 
 




















൰ ቉ , 
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ܯ ൌ െܦଵ ቆ
߲ ݓ଴
߲ݔଶ














ܯ௫௬ ൌ െ2ܦ଺଺ ቆ
߲ଶݓ଴
߲ݔ߲ݕ
ቇ   , (1.28)
 
The matrix ሾܣሿ and ሾܦሿ can be defined by, 
 









1.4. Review of First Order Shear Deformation Theory (FSDT) 
 
The FSDT can be considered as 2-D version of the TBT, as the CPT can be said to 
be the 2-D version of the EBT. In the FSDT the same nonlinearity used in the CPT is 
assumed. Thus the components of the strain tensor given in the (1.21) can be used to 
obtain the specific strains of the FSDT. 
 
1.4.1 Kinematics of FSDT 
 
The displacement field[3] of the FSDT with Kirchhoff hypothesis can be given by 
(see Reddy[1, 3] for details), 
 
ݑ ൌ ݑሺݔ, ݕ, ݖሻ ൌ ݑ
ݑଶ ൌ ݒሺݔ, ݕ, ݖሻ ൌ ݒ
ݑଷ ൌ ݓ଴ሺݔ, ݕሻ  . 
ଵ ଴ሺݔ, ݕሻ ൅ ݖ߶௫ሺݔ, ݕሻ ,




By substituting the displacement field of the FSDT given in the (1.30) into 
































































1.4.2 Equilibriums of FSDT 
 
The equilibrium equations of the FSDT can be derived using the virtual work 
statement (see Reddy[1] for details), with strains given in the (1.31). The equilibrium 

















































ቇ ൌ 0 . (1.32)
 
In the part 1.1, the shear resultant ௫ܸ of the EBT was related to the shear resultant 
ܳ௫ of the TBT by the relation given in the (1.17). In similar sense, the shear resultants of 
the CPT can be related to that of the FSDT by the following equations by comparing the 
equilibrium equations of the CPT and that of the FSDT. 
 
















1.4.3 Constitutive Relations and Resultants of FSDT 
 
The FSDT has two more non-zero strains compared with the strains of the CPT. 















where ܳସସ and ܳହହ are the shear modulus ܩଶଷ and ܩଵଷ respectively. 
In addition to the in-plane stresses and strains relations given in the (1.24), we 
have the following additional relations between the shear stresses and the shear 












݀ݖ  . (1.35)
 
By substituting the constitutive relations given in the (1.24) and (1.34) into the 
definitions of the resultant forces given in the (1.27) and (1.35), the following equations 
of the resultants[3] of the FSDT can be obtained. 
 





































































൅ ߶௬  
௫௫ ଵ
൰
ܯ ൌ ܦଵ ൬
߲߶௫
߲ݔ




௬௬ ଶܯ ൌ ܦଵ ൬
߲߶௫
߲ݔ










ቇ   , (1.36)
 














DEVELOPMENT OF BEAM BENDING MODELS 
 
 In this chapter development of various types of the nonlinear mixed finite element 
models of the beam bending problem is discussed. In current models, force like physical 
variables are included as independent nodal variables with proper weighted residual 
statements[4]. Four different nonlinear mixed finite element models of beam bending are 
developed for the numerical analysis. The relation between the participation of a typical 
variable and the accuracy of the linear and the nonlinear solutions are investigated in the 
chapter V. To clarify the developing procedure the governing equations of the EBT and 
the TBT were brought from the chapter I. 
 




൅ ݂ሺ ሻ ൌ   , ݔ 0 
݀ ௫ܸ
݀ݔ




െ ܰ ௫ ݀ݔ௫
݀ݓ଴ ൌ 0 
















  . (1.9)
 
- Governing equations of the TBT 
 
ߜݑ଴ ׷ െ ݀ݔ
 






݀ݓ଴൰ െ ݍሺݔሻ ൌ 0 ,
ߜ߶௫  ׷ െ
݀ܯ௫௫
݀ݔ
൅ ܳ௫ ൌ 0  . (1.16)
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ܳ ൌ ܭ ܩܣ ൅
݀ݓ଴
݀ݔ௫ ௦




  . (1.19)
 
2.1 Model I of Beam Bending 
 
2.1.1 Weighted Residual Statements of Model I 
 
The governing equations of the EBT which were derived in the chapter I are used 
to develop the Model I of beam bending. The displacements (i.e., ݑ଴  and ݓ଴ ) and  
generalized forces (i.e., ௫ܰ௫, ௫ܸ and ܯ௫௫) are included as independent variables in the 
beam bending Model I. By using the equilibrium equation and the resultant equations of 
the EBT, following weighted residual statements can be made. 
 
0 ൌ න ൭
݀ ഥܹଵ
݀ݔ ௫ܰ௫




ഥଵሺݔ௔ሻ ଵܰ െ ഥܹଵ ௕
0 ൌ න ൭
݀ ഥܹଶ
ሺݔ ሻ ଶܰ 
݀ݔ
ܸ௔ െ ഥܹ ݍሺ ݔ
௫್
௫ ଶ ݔሻ൱ ݀
௫ೌ
െ ഥܹଶ ௔ሻ ଵሺݔ ܸ െ ഥܹଶሺݔ௕ሻ ଶܸ 
0 ൌ න ഥܹ ൝െܰ௔ ൅
݀ݑ଴௔


































݀ݔ െ ഥܹହሺݔ௔ሻߠଵ െ ഥܹହሺݔ௕ሻߠଶ (2.1)
where, 
ଵ ௫ ݔ௕ሻ, 
 
ܰ ൌ െ ௫ܰ௫ሺݔ௔ሻ,    ଶܰ ൌ ௫ܰ ሺ
ሺ ሻ ሺ
 













Note that variables with superscripted ‘a’ (i.e., ݑ଴௔, ݓ଴௔, ௫ܰ௫௔ , ௫ܸ௔ and ܯ௫௫௔ ) denote 
approximated variables, ഥܹ୧ሺ݅ ൌ 1, … ,5ሻ  denotes the i
th weight function of the ith 
weighted residual statement. ݔ௔ and ݔ௕ are the global coordinates of element region. The 
boundary terms in the first, the second, and the third equations can be obtained by 
conducting the integration by parts[4] of the related terms.  
 
2.1.2 Finite Element Equations of Model I 
 
Next, with the weighted residual statements given in the (2.1), the variables can be 
approximated with the proper interpolation functions. Compared with the EBT 
displacement based model[1] whose variable (i.e., vertical displacement) should be 
approximated with the Hermite interpolation functions[1, 4], the model I allows the use 
of the Lagrange interpolation functions for the approximation of all variables of it, 
because weighted residual statements do not include any derivative of variable as 
primary variable. 
 
ݑ ؆ ݑ௔ ൌ  ෍ ߰௨బ
௠
ଵ




ൌ ߰௨బ , 
ݓ଴ ؆ ݓ௔ ൌ  ෍ ߰
௪బ
௡




ൌ ߰௪బ , 












ॽ௝   , ഥܹସ ൌ ௜߰
௏ೣ , 









By observing the boundary terms in the (2.1) which are produced by integration 
by parts with the chosen weight functions in the (2.2), the primary variables and the 




<The pr ary variable> im
 





ഥଶ ൎ ݓ଴ ௫ܸ
݀ݓ଴
݀ݔഥܹହ ൎ ܯ௫௫ 
 
  
By substituting the (2.2) into the (2.1), the following nonlinear mixed finite 



















௨బሺݔ௔ሻ ଵܰ െ ௜߰


















െ ߰௪బሺݔ௔ሻ ଵܸ െ ௜߰
௪బሺݔ௕ሻ ଶܸ ൌ 0   , 
ೌ
௜






































গ௝ ൌ 0 , 




























Գ ൌ  
௫ೌ௝ୀଵ
௝ 0 ,

























ெೣೣሺݔ௕ሻߠଵ ൌ 0 . 
(2.3)
 
Note that the boldface letters are used to indicate nonlinear terms. Above mixed 
finite element equations can be rewritten as algebraic matrix form by collecting 
coefficients of the unknowns in the form of the coefficient matrix ሾܭሿ and the rest of the 




ሾܭ ሺ ሽሻሿሼܷ ሽ ൌ ܨ
ൌ
ۏ


















































   . (2.4)
 
where, the ሾܭ௘ሺሼܷ௘ሽሻሿ  of the equation denotes that the coefficient matrix ሾܭሿ  is the 
function of the unknowns ሼܷ௘ሽ. 
 
The sub-matrices and the specific terms of the force vectors are given as follow: 
 
























   , 
௫ೌ
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௫ೌ
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௫ೌ
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௫ೌ





















݀ݔ   , 
௫ೌ










݀ݔ   , 




௨బሺݔ௔ሻ ଵܰ ൅ ௜߰
௨బሺݔ௕ሻ ଶܰ , 
௫ೌ




௪బሺݔ௔ሻ ଵܸ ൅ ௜߰











2.2 Model II of Beam Bending 
 
The governing equations of the EBT which were derived in the chapter I can be 
also used for the development of the Model II. The Model II includes displacements (i.e., 
ݑ଴  and ݓ଴ ) and the generalized resultants (i.e., ௫ܰ௫  and ܯ௫௫ ), while the Model I 
included ௫ܸ in addition to those. Thus total number of the independent variables is 4 in 
the Model II. By eliminating the shear resultant ௫ܸ from the governing equations of the 
EBT, following equations can be obtained.  
݀ ௫ܰ௫
݀ݔ










൰ ൅ ݍሺݔሻ ൌ 0
















  . (2.6)
 
2.2.1 Weighted Residual Statements of Model II 
 
The equations given in the (2.6) are mathematically equivalent to the equations 
given in the (1.7) and (1.9), which were used for the Model I, but the effect of the 
elimination of the ௫ܸ can be observed both in the equation solving procedure and in the 
result of the numerical analysis, since it affects both the symmetry of the tangent 
matrix[1] and the accuracy of the solutions compared with other models. For the Model 
II, the following weighted residual statement can be made. 
0 ൌ න ൭
݀ ഥܹଵ
݀ݔ




ഥଵ ௔ ଵሺݔ ሻܰ െ ഥܹଵ ௕ ଶ
0 ൌ න ቈ
݀ ഥܹଶ














െ ഥܹଶሺݔ௔ሻ ଵܸ െ ഥܹଶሺݔ௕ሻ ଶܸ  , 
0 ൌ න ഥܹ ൅ ܧ
݀ݑ௔






























ܰ ൌ െ ௫ܰ௫ሺ ሻ,    ܰ ൌ ௫ܰ ሻ, 
௫௫
ଵ ݔ௔ ଶ ௫ሺݔ௕










௔ ,  
















Variables with superscripted ‘a’ (i.e. ݑ଴௔, ݓ଴௔, ௫ܰ௫௔  and ܯ௫௫௔ ) denote approximated 
variables, Wഥ୧ሺ݅ ൌ 1, … ,4ሻ is the i
th weight function of the ith weighted residual statement. 
ݔ௔ and ݔ௕ are the start and the end global coordinate of the element. The boundary terms 
ଵܸ and ଶܸ were obtained in the different forms compared with those of the Model I but 
the physical meaning are the same. 
 
2.2.2 Finite Element Equations of Model II 
 
All of the variables can be approximated by using the Lagrange type interpolations 
and the weigh functions can be chosen to be as 
 
ݑ ؆ ݑ௔ ൌ ෍ ߰௨బ
௠




ൌ ߰௨బ , 








ൌ ߰௪బ , 
ܰ ௫ ؆ ܰ௔ ൌ ෍ ߰
ேೣೣ
௣




ൌ ߰ேೣೣ , 




ॸ௝ , ഥସ ൌ ௜߰
ெೣೣ . (2.8)
 




<The primary variable> <The secondary variable> 
 
ഥܹଵ ൎ ݑ଴ ௫ܰ௫
 












By substituting the equation (2.8) into the equation (2.7), the following nonlinear 


















௨బሺݔ௔ሻ ଵܰ െ ௜߰
































௪బሺݔ௔ሻ ଵܸ െ ௜߰
௪బሺݔ௕ሻ ଶܸ ൌ 0 , 































































     െ ௜߰
ெೣೣሺݔ௔ሻߠଵ െ ௜߰
ெೣೣሺݔ௕ሻߠଶ ൌ 0 . 
(2.9)
 
The mixed finite element equations of Model II can be rewritten in algebraic 
matrix form by collecting the coefficients of the unknowns. Note that the Model II 
contains 4 variables as unknowns. Thus, the size of the ሾܭሿ of the Model II can be 




ሾܭ ሺሼܷ ሽ ሼܷ ܨ௘ሽ 
ൌ
ۏ





































   . (2.10)
 
The sub-matrices and the specific terms of the force vectors can be given by, 
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   , 
௫ೌ


















݀ݔ   , 
ೌ




௨బሺݔ௔ሻ ଵܰ ൅ ௜߰
௨బሺݔ௕ሻ ଶܰ , 
௫ೌ




௪బሺݔ௔ሻ ଵܸ ൅ ௜߰






The sub-matrices and sub-vectors which are not specified above are zero. 
 
2.3 Model III of Beam Bending 
 
In displacement based model of the EBT, the slope ( ߠ௫ ൌ െ݀ݓ଴ / ݀ݔ  ) was 
included as a primary variable with the use of the Hermite type interpolation for the 
vertical deflection ݓ଴ . Because ߠ௫  has a physical meaning, one can include it as an 
independent variable. This idea was proposed by Reddy by considering the following 
30 
 
equation as one of the governing equation of the EBT. It can be seen that the linear part 
of the coefficient matrix of the Model I given in the (2.4) and (2.5) cannot be symmetry, 
and the tangent matrix of the Model I, which will be discussed in the chapter III, cannot 
be symmetry either. In the computational point of view, the symmetry of the coefficient 
matrix of the algebraic equation system is very important because of the computational 
cost. 
 





By replacing every െ ௗ௪బ
ௗ௫
 in the EBT equations we can obtain the following 




൅ ݂ሺ ሻ ൌ 0   , ݔ
݀ ௫ܸ
݀ݔ
൅ ݍሺ ൌ 0 ,
ܸ െ
݀ܯ௫௫
ݔሻ     
௫ ݀ݔ


















   , 
  . (2.13)
 
2.3.1 Weighted Residual Statements of Model III 
 
With the equations of the (2.13), the weighted residual statements of the Model III 





0 ൌ න ൭
݀ ഥܹଵ
݀ݔ ௫ܰ௫




ഥଵሺݔ௔ሻ ଵܰ െ ഥܹଵ ௕
0 ൌ න ൭
݀ ഥܹଶ
ሺݔ ሻ ଶܰ , 
݀ݔ ௫ܸ




ഥଶሺݔ௔ሻ ଵܸ െ ഥܹଶሺݔ௕ሻ ଶܸ , 
0 ൌ න ഥܹଷ ൬ ௫ܸ ݀ݔ
௔ െ






ഥܹ ൜െ ௫ܰ௔ ൅



























݀ݔ ൅ ഥܹ଺ሺݔ௔ሻߠଵ ൅ ഥܹ଺ሺݔ௕ሻߠଶ , (2.14)
where, 
ଵ  ܰ ௫ ݔ௕ሻ , ܰ ൌ െ ௫ܰ௫ሺݔ௔ሻ  ,   ଶ ൌ ௫ܰ ሺ
ሺ ሻ ௫ଵܸ ൌ െ ௫ܸ ݔ௔   ,   ଶܸ ൌ  ܸ ሺݔ௕ሻ , 
ߠଵ ൌ െߠ௫ሺݔ௔ሻ   and    ߠଶ ൌ ߠ௫ሺݔ௕ሻ . 
 
2.3.2 Finite Element Equations of Model III 
 
In a sense, the weighted residual statement of the (2.14) can be fully qualified for 
the Galerkin method[4], because each of the integral equation represents the work done 
in virtual work sense, with the following choice of the weight functions. The 




ক ,ݑ଴ ؆ ݑ଴  ෍ ௝
௝ୀଵ
௝   ഥܹଵ ൌ ߜݑ଴ ௜  ൌ ߰
௨బ ,






   , ഥܹଶ ൌ ߜݓ଴ ൌ ௜߰
௪బ , 
ߠ௫ ߠ௫ ൌ ෍ ߰
௝ୀଵ
ও௝  ؆ ௔ ௝
ఏೣ
௡
   , ഥܹଷ ൌ ߜߠ௫ ௜߰ൌ
ఏೣ , 






௝ , ഥܹସ ൌ ߜ ௫ܰ௫ ൌ ௜߰
ேೣೣ , 





ॽ௝     , ഥܹହ ൌ ߜ ௫ܸ ௜߰
ܹ
ൌ ௏ೣ , 









The primary and the secondary variables can be specified as follow: 
 














By substituting the equation (2.15) into the (2.14), the following nonlinear mixed 



















௨బሺݔ௔ሻ ଵܰ െ ௜߰

















௪బሺݔ௔ሻ ଵܸ െ ௜߰
௪బሺݔ௕ሻ ଶܸ ൌ 0   , 




























Գ௝ ൌ 0 , 
ೌ௝

































ও௝ ൌ 0 , 


















গ௝ ൌ 0 , 



























The mixed finite element equations of the Model III can be rewritten as the 
algebraic matrix form by collecting the coefficients of the unknowns. Note that the 
Model III contains 6 variables as unknowns. Thus, the size of the ሾܭሿ is the largest 
among three mixed EBT models.  
 






























































   . (2.17)
 
The sub-matrices and the specific terms of the force vectors are given as follow: 
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ሾܭଷସሿ ൌ න ൫ࣂ࢞ࢇ߰
ఏೣ߰ேೣೣ൯݀ݔ
௫್
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௫ೌ
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௫ೌ






























݀ݔ   , 
ೌ




௨బሺݔ௔ሻ ଵܰ ൅ ௜߰
௨బሺݔ௕ሻ ଶܰ , 
௫ೌ




௪బሺݔ௔ሻ ଵܸ ൅ ௜߰
௪బሺݔ௕ሻ ଶܸ , 
௫ೌ






2.4 Model IV of Beam Bending 
 
2.4.1 Weighted Residual Statements of the Model IV 
 
The governing equations of the TBT are used to develop the Model IV. It can be 
shown that the mixed Model IV is equivalent to the Model III regarding the numbers and 
the dimensions of nodal variables. By using the governing equations of the TBT, Model 
IV includes 6 variables as independent variables (i.e. ݑ଴, ݓ଴, ߶௫ ௫ܰ௫, ܳ௫ and ܯ௫௫). With 
the equilibrium equation and the resultants equations of the TBT, following weighted 
residual statements can be obtained. 
 
0 ൌ න ൭
݀ ഥܹଵ
݀ݔ ௫ܰ௫




െ ഥܹଵሺݔ௔ሻ ଵܰ െ ഥܹଵሺݔ௕ሻ ଶܰ , 














ഥଶሺݔ௔ሻ ଵܸ െ ഥܹଶሺݔ௕ሻ ଶܸ   , 





െ ܹ௫ ൅ ܳ ቇ ݀ݔ
௫ೌ
ഥଷሺݔ௔ሻܯଵ െ ഥܹଷሺݔ௕ሻܯଶ , 















0 ൌ න ഥܹହ ቆܭ௦ ൤
݀ݓ଴௔ܩܣ
݀ݔ












ଵܰ ൌ െ ௫ܰ௫ሺݔ௔ሻ,   ൌ ௫ܰ௫ሺݔ௕ሻ ,  ଶܰ















2.4.2 Finite Element Equations of Model IV 
 
Since no derivative of any variable is involved as a nodal unknown, the Lagrange 
type interpolation function[4] should be used for the approximations of variables of the 
Model IV. The approximations of the variables and the chosen weight functions are 
given as follow: 
 
ݑ ؆ ݑ௔ ൌ  ෍ ߰௨బ
௟




ൌ ߰௨బ , 






௝ ഥଶ ൌ ߰
௪బ , ௜
ܹ߶ ؆ ߶௔ ൌ  ෍ ߰
థೣ
௡




ൌ ߰థೣ , 








ൌ ߰ேೣೣ , 
ܳ ؆ ܳ௔ ൌ ෍ ߰௝
ொೣ
௤




ൌ ߰ொೣ , 




ॸ௝ , ഥ଺ ൌ ௜߰
ெೣೣ . (2.20)
 
The primary and the secondary variables can be specified as follow: 
 
<The prima able> ry vari
ഥܹଵ ൎ ݑ଴ 
<The secondary variable>  
௫ܰ௫  




ഥܹଷ ൎ ߶௫ 
ܯ௫௫  
 
The finite element equations of the Model IV can be obtained by substituting 
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థೣ థെ ௜߰ ሺݔ௔ሻܯଵ െ ௜߰
ೣሺݔ௕ሻܯଶ ൌ 0 , 
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Է௝ ൌ 0 , 






















ॸ௝ ൌ 0   . (2.21)
 
From the (2.21), the following matrix form of the algebraic equations can be 
obtained. 
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ሾܭଷହሿ ൌ න ൫߰థೣ߰௝
ொೣ൯݀ݔ
௫್




   , 
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௫ೌ
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௫ೌ








݀ݔ   , 






݀ݔ   , 
௫ೌ






௨బሺݔ௔ሻ ଵܰ ൅ ௜߰
௨బሺݔ௕ሻ ଶܰ , 
௫ೌ
ሼܨଶሽ ൌ න ቀ ௜߰
௪బݍሺݔሻቁ ݀ݔ
௫್
൅ ߰௪బሺݔ௔ሻ ଵܸ ൅ ௜߰





థೣሺݔ௕ሻܯଶ . (2.23) 
 
All of the sub-matrices and sub-vectors which are not specified above are zero. 
 
 
2.5 Lagrange Type Beam Finite Elements 
 
For present study, the mixed formula allows the use of the Lagrange type 
interpolation functions[4] for the approximations of every variable. Here, beam elements 
that were used for the computer implementation and the numerical analysis are 
38 
 
mentioned. For the beam problems, the Lagrange types of linear, quadratic and cubic 
elements were used. The geometry of the elements and the locations of associated 
interpolations are given in the Fig. 2.1. 
 
 
(a) linear element (b) a quadratic element (c) a cubic element 
Fig. 2.1 Node number and local coordinate of the line elements of the Lagrange 
family. 
 
Very well Known interpolation property [2] is known as partition of unity, which 
can be written as 
߰௜൫ݔ ൯ ൌ ൜
0 ݂݅ ݅ ് ݆
 






So by considering the interpolation properties, we can derive interpolation 
functions which are associated with the nodal points with given set of polynomials. And, 
the specific interpolation functions associated with the nodal points are as follow: 
 




ሺ1 െ ߦሻ   , ߰ଶ ൌ
1
2













ߦሺߦ െ 1ሻ,   ߰ଶ ൌ ሺ1 ൅ ߦሻሺ1 െ ߦሻ, ߰ଷ ൌ
1
2
ߦሺ1 ൅ ߦሻ.  (2.25)
 
















ሺ1 ൅ ߦሻ ൬ߦ െ
1
3
൰ ሺ1 െ ߦሻ ,    





1 ൅ ߦ ൬ߦ ൅
1
൰ ሺ1 െ  ,    ߦሻ
߰ସ ൌ     
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DEVELOPMENT OF PLATE BENDING MODELS 
 
The 1-D beam bending problems which were discussed in the chapter II can be 
extended to the 2-D plate bending problems with simple modifications. Two CPT 
models and two FSDT models are developed. To clarify the developing procedure, the 
governing equations of the CPT and the FSDT are brought from the chapter I. 
 

















































ቇ ൌ 0 , (1.26)
and 











































ܦ଺଺כ ܯ௫௬ ൌ െ2 ቆ
߲ଶݓ଴
߲ݔ߲ݕ









































































































൅ ൰ , ߶௬
ܦכ ܯ ൅ ܦ ଶכ ܯ ൌ ൬
߲߶௫
ଵଵ ௫௫ ଵ ௬௬ ߲ݔ
൰ , 
ܦଵଶכ ܯ௫௫ ൅ ܦ ௬௬
߲߶௬
ଶଶ
כ ܯ ൌ ቆ
߲ݕ
ቇ , 










3.1 Model I of Plate Bending 
 
3.1.1 Weighted Residual Statements of Model I 
 
The governing equations of the CPT which were derived in the chapter I are 
modified to develop the plate bending Model I. Total eleven variables, i.e., u଴, v଴, w଴, 
N୶୶, N୷୷, N୶୷, V୶, V୷, M୶୶, M୷୷ and M୶୷, are treated as independent variable in the plate 
Model I. The Green-Gauss theorem[15] can be used to obtain the boundary terms when 
the integration by parts are conducted. The weighed residual statements of the Model I 










െ ර ഥܹଵ൛݊௫ ௫ܰ௫ ൅ ݊௬ ௫ܰ௬ൟ݀ݏ
௰೐









െ ර ഥܹଶ൛݊௫ ௫ܰ௬ ൅ ݊௬ ௬ܰ௬ൟ݀ݏ
௰೐







௔ െ ഥܹଷݍሺݔሻ൱ ݀ݔ݀ݕ
ఆ೐
െ ර ഥܹଷ൛݊௫ ௫ܸ ൅ ݊௬ ௬ܸൟ݀ݏ
௰೐
ൌ 0 , 













݀ݔ݀ݕ ൌ 0 , 













݀ݔ݀ݕ ൌ 0 , 






















ൌ 0  , 














݀ݔ݀ݕ ൌ 0 , 














݀ݔ݀ݕ ൌ 0 , 
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ൌ 0  , 














ൌ 0   , 






















ൌ 0 . 
(3.1)
 
where, Γୣ  is the boundary of the element region Ωୣ  and variables with superscripted 
letter ‘a’ denote the approximated variables. The ݊௜ denotes the unit normal vector of the 
i-direction, where  i = x,  y. 
 
3.1.2 Finite Element Equations of Model I 
 
With the weighted residual statements given in the (3.1), we can develop the finite 
element the Model I of the plate bending by approximating variables with known 
interpolation functions and unknown nodal values. But the choice of the known 
interpolation functions is not arbitrary. By the same reason that we discussed while 
developing the EBT models in the chapter II, the Lagrange type of the interpolation 
functions should be used for the approximations of the all variables of the Model I, 
because no derivative of the variable is involved as nodal unknown. To develop the 
finite element model based on the displacement model[1], one should approximate the 
vertical displacement ݓ଴ with the conforming [1, 4] or the nonconforming[1, 4] type of 
the Hermite interpolation functions, because displacement based model includes the 
derivatives of the ݓ଴ as nodal values[1]. But for the current Model I, only ܥ଴ continuity 









ሺݔ, ݕሻক௝ , ଴ ௝
௝ୀ
ഥܹଵ ௜ൌ ߰
௨బሺݔ, ݕሻ   , 
ݒ ؆ ݒ௔ ൌ  ෍ ߰௩బ
௠
ଵ
ሺݔ, ݕሻ଴ ଴ ௝
௝ୀ
খ௝ , ഥܹଶ ௜
ܹ
ൌ ߰௩బሺݔ, ݕሻ   , 
ݓ ؆ ݓ௔ ൌ  ෍ ߰௪బ
௡




ൌ ߰௪బሺݔ, ݕሻ   , 








ൌ ߰ேೣೣሺݔ, ݕሻ   , 










ே೤೤ሺݔ, ݕሻ   , 





ଷ , ௬ ௝
ୀଵ
ഥ଺ ௜ൌ ߰
ேೣ೤ሺݔ, ݕሻ   , 
ܸ ؆ ܸ௔ ൌ  ෍ ߰௏ೣ
௤
ଵ
ሺݔ, ݕሻ௫ ௫ ௝
௝ୀ
ॽ௝
ଵ , ഥܹ଻ ௜ൌ ߰
௏ೣ ሺݔ, ݕሻ   , 






ଶ , ഥ଼ܹ ௜
ܹ
ൌ ߰
௏೤ሺݔ, ݕሻ   , 




ሺݔ, ݕሻॸଵ , ௫௫ ௫ ௝
௝ୀ
௝ ഥଽ ௜ൌ ߰
ெೣೣሺݔ, ݕሻ   , 





ଶ , ௬௬ ௬ ௝
௝
ഥܹଵ଴ ൌ ௜߰ ሺݔ, ݕሻ   ,
ܹ
ெ೤೤  





ଷ , ഥଵଵ ൌ ௜߰
ெೣ೤ሺݔ, ݕሻ   . (3.2)
 
The primary variables and the secondary variable of the Model I can be specified 
as follow: 
<The prim y variable> ar
଴ 
<The secondary variable> 
ݑ
 





௫ ௫ܰ௬ ൅ ݊௬ܰ

























By substituting the equation (3.2) into the (3.1) the finite element Model I of the 























௨బ൛݊௫ ௫ܰ௫ ൅ ݊௬ ௫ܰ௬ൟ݀ݏ
௰೐



















ଶ቉ ݀ݔ݀ݕ െ ර ௜߰
























௪బ൛݊௫ ௫ܸ ൅ ݊௬ ௬ܸൟ݀ݏ ൌ 0 , 
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গ௝൩ൡ ݀ݔ݀ݕ ൌ 0   , 

















































গ௝൱൩ ݀ݔ݀ݕ ൌ 0 , 












































ଷ቏ ݀ݔ݀ݕ ൌ 0   , 














































ଶ቏ ݀ݔ݀ݕ ൌ 0   , 
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ൌ 0   . 
(3.3)
 
Above equations given in the (3.3) can be rewritten in the algebraic matrix 
equation in the following form, 
 








ሺ ଵሻሺ ଵሻ൧ ڮ ൣܭሺ ଵሻሺ ଺ሻ൧
ڭ ڰ ڭ
ൣܭሺ ଺ሻሺ ଵሻ൧ ڮ ൣܭሺ ଺ሻሺ ଺ሻ൧
ڮ ൣܭሺ ଵሻሺ ଵଵሻ൧
گ ڭ

















































ேೣೣቋ ݀ݔ݀ݕ , 
ఆ೐





ேೣ೤ቋ ݀ݔ݀ݕ  , 
ఆ೐





ே೤೤ቋ ݀ݔ݀ݕ , 
ఆ೐





ேೣ೤ቋ ݀ݔ݀ݕ  , 
ఆ೐














  , 
47 
 
































ே೤೤ ݔ݀ݕ  , 



















ቋ ݀ݔ݀ݕ  , 
ఆ೐
ሾܭହସሿ ൌ න ቄെܣଵଶכ ߰
ே೤೤߰௝
ேೣೣቅ ݀ݔ݀ݕ , ௜
ఆ೐
ሾܭହହሿ ൌ න ቄെܣଶଶכ ߰
ே೤೤߰௝
ே೤೤ቅ ݀ݔ݀ݕ  , ௜
ఆ೐














  , 
ሾܭ଺଺ሿ ൌ න ቄെܣ଺כ
ேೣ೤߰௝
ேೣ೤ቅ ݀ ݀ݕ , ଺ ௜߰ ݔ
ఆ೐






























ேೣೣቋ ݀ݔ݀ݕ , 
ఆ೐












ேೣ೤ቋ ݀ݔ݀ݕ  , 
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  , ௜
೐









  , ቑ ݀ݔ݀ݕ
ఆ೐
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ቋ ݀ݔ݀ݕ , 
ఆ೐
ൣܭଽሺଵ଴ሻ൧ ൌ න ቄെܦכ ߰ெೣೣ߰௝
ெ೤೤ቅ ݀ݔ݀ݕ 




  , 
ଵଶ ௜
ఆ೐














  , 
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ൡ ݀ݔ݀ݕ , 
ఆ೐
ൣܭሺଵଵሻሺଵଵሻ൧ ൌ න ቄെܦ଺଺כ ௜߰
ெೣ೤߰௝
ெೣ೤ቅ ݀ݔ݀ݕ . 
 
ఆ೐
ሼܨଵሽ ൌ ර ߰௜




ሼܨଶሽ ൌ ර ߰௜
௩൛݊௫ ௫ܰ௬ ൅ ݊௬ ௬ܰ௬ൟ݀ݏ
௰೐
  , 












  , 
















  . 
(3. 5)
 
The rest of sub coefficient matrices and force vectors which are not specified in 
the (3. 5) are zero. 
 
3.2 Model II of Plate Bending 
 
The shear resultant ௫ܸ and ௬ܸ can be eliminated by substituting the forth and the 
fifth equilibrium equations into the third equilibrium equation of the CPT. By doing this 
the symmetry of the linear portion of the coefficient matrix can be achieved and the 
symmetry of the tangent matrix[1], which will be discussed in the chapter IV, can be 
also archived.  
3.2.1 Weighted Residual Statements of Model II 
 
With the equations of the Model II of the plate bending, the following weighted 














ഥଵ൛݊௫ ௫ܰ௫ ൅ ݊௬ ௫ܰ௬ൟ݀ݏ
௰










௔ ቇ ݀ݔ݀ݕ െ ර ܹ
ఆ೐
ഥଶ൛݊ ௫ܰ௬ ൅ ݊௬ ௬ܰ௬ൟ݀ݏ
௰


































ቇ െ ഥܹଷݍሺݔሻቋ ݀ݔ݀ݕ
െ ර ഥܹଷ൛݊௫ ௫ܸ ൅ ݊௬ܸ ൟ݀ݏ
೐
ൌ 0 , ௬
௰













݀ݔ݀ݕ ൌ 0 , 
೐













݀ݔ݀ݕ ൌ 0 , 
೐






















ൌ 0 , 
೐














ൌ 0   , 
೐












ൌ 0   , 
ఆ೐




















ൌ 0   , (3.6)
 
3.2.2 Finite Element Equations of Model II 
 
All variables can be approximated with the Lagrange type interpolation functions 












௝ , ഥܹଵ ൌ ௜߰ ሺݔ, ݕሻ ,
௨బ  
ݒ଴ ଴௔  ෍ ௝
బ ݔ, ݕሻ
௝ୀ
؆ ݒ ൌ ߰௩ ሺ
௠
ଵ
খ௝ , ഥܹଶ ൌ ௜߰ ݔ, ݕሻ  
௩బሺ ,
ݓ ݓ଴  ෍ ௝
బ , ݕሻ
௝ୀଵ
গ଴ ؆ ௔ ൌ ߰
௪ ሺݔ
௡
௝ , ഥܹଷ ൌ ௜߰ ݔ, ݕሻ  
௪బሺ ,
௫ܰ௫ ؆ ௫ܰ௫௔ ෍ ௝ ݔ, ݕሻ
௝ୀ
௝
ଵ  ൌ  ߰ேೣೣሺ
௣
ଵ
Գ , ഥܹସ ൌ ௜߰ ሺݔ, ݕሻ , 
ேೣೣ






ଶ  ഥܹହ ൌ ௜߰ ሺݔ, ݕሻ ,
ே೤೤  
௫ܰ ؆ ௫ܰ௬௔ ௝ ݔ, ݕሻ
௝ୀ




ଷ , ഥܹ଺ ൌ ௜߰ ሺݔ, ݕሻ ,
ேೣ೤  







ॸ , ഥܹ଻ ൌ ௜߰ ሺݔ, ݕሻ , 
ெೣೣ






ଶ  ഥ଼ܹ ൌ ௜߰
ெ ሺݔ, ݕሻ ,
ܹ
೤೤  





ଷ , ഥଽ ൌ ௜߰
ெೣ೤ሺݔ, ݕሻ . (3.7)
 
By substituting the (3.7) into the (3.6), the finite element model of the Model II 























௨బ൛݊௫ ௫ܰ௫ ൅ ݊௬ ௫ܰ௬ൟ݀ݏ
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௩బ൛݊௫ ௫ܰ௬ ൅ ݊௬ ௬ܰ௬ൟ݀ݏ
௰೐







































































































௪బ൛݊௫ ௫ܸ ൅ ݊௬ ௬ܸൟ݀ݏ
௰೐
ൌ 0   , 
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গ௝൱൩ ݀ݔ݀ݕ ൌ 0 , 






































































































ൌ 0   . 
(3.8)
 
Above equation (3. 8) can be rewritten as the matrix form of the algebraic equation as 
follow: 








ሺ ଵሻሺ ଵሻ൧ ڮ ൣKሺ ଵሻሺ ସሻ൧
ڭ ڰ ڭ
ൣKሺ ସሻሺ ଵሻ൧ ڮ ൣKሺସሻሺସሻ൧
ڮ ൣKሺ ଵሻሺ ଽሻ൧
گ ڭ



















































ேೣೣቋ ݀ݔ݀ݕ  , 
ఆ೐





ேೣ೤ቋ ݀ݔ݀ݕ  , 
ఆ೐





ே೤೤ቋ ݀ݔ݀ݕ  , 
ఆ೐





ேೣ೤ቋ ݀ݔ݀ݕ  , 
ఆ೐













  , 







  , 
ఆ























ே೤೤ቅ ݀ݕ  , 






  , 
ఆ











ቋ ݀ݔ݀ݕ , 
ఆ೐
ሾܭହସሿ ൌ න ቄെܣଵଶכ ߰
ே೤೤߰௝
ேೣೣቅ ݀ݔ݀ݕ , ௜
ఆ೐
ሾܭହହሿ ൌ න ቄെܣଶଶכ ߰
ே೤೤߰௝
ே೤೤ቅ ݀ݔ݀ݕ  , ௜
ఆ೐














  , 
ሾܭ଺଺ሿ ൌ න ቄെܣ଺כ
ேೣ೤߰௝
ேೣ೤ቅ ݕ , ଺ ௜߰ ݀ݔ݀
ఆ೐































ேೣೣቋ ݀ݔ݀ݕ , 
ఆ೐








  , 
ሾܭ଻଻ሿ ൌ න ൛െ ௜߰
௏ೣ ߰௏ೣ ൟ݀ݔ݀ݕ
ఆ
  , ௝
೐







  , 
೐






  , 
೐






ே೤೤ቋ ݀ݔ݀ݕ , 
ఆ೐








  , 




  ,   
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೐







ቋ ݀ݔ݀ݕ , 
ఆ೐
ൣܭଽሺଵ଴ሻ൧ ൌ න ቄെܦଵଶכ ߰
ெೣೣ߰௝
ெ೤೤ቅ ݀ݔ݀ݕ , 




  , 
௜
ఆ೐








ቋ ݀ݔ݀ݕ , 
ఆ೐





ൣܭሺଵ଴ሻଽ൧ ൌ න ቄെܦଵଶכ ௜߰
ெ೤೤߰௝
ெೣೣቅ ݀ݔ݀ݕ  , 
ఆ೐




  . ଶ ௜
೐


















ሼܨଵሽ ൌ ර ߰௜
௨൛݊௫ ௫ܰ௫ ൅ ݊௬ ௫ܰ௬ൟ݀ݏ , 
 
௰೐
ሼܨଷሽ ൌ න ሼ߰௜




ሼܨଶሽ ൌ ර ߰௜
௩൛݊௫ ௫ܰ௬ ൅ ݊௬ ௬ܰ௬ൟ݀ݏ
௰೐
  ,  
ሻሽ݀
ఆ೐ ௰














  ,  











The rest of the sub coefficient matrices and the force vectors which are not 
specified in the (3.10) are equal to zero. 
 
3.3 Model III of Plate Bending 
 
3.3.1 Weighted Residual Statements of Model III 
 
To develop the Model III of the plate bending, the governing equations of the 
FSDT are modified. The Model III will include the shear rotations ߶௫ and ߶௬ to account 
54 
 









௔ ቇ ݀ݔ݀ݕ െ ර ܹ
ఆ೐








௔ ቇ ݀ݕ െ ර݀ݔ
ఆ೐





























െ ഥܹ ݔሻ቉ ݀ݔ݀ 0 ଷݍሺ ݕ ൌ




















ܯ௫௬௔ ൅ ഥܹସܳ௫௔ቇ ݀ݔ݀ݕ ൅ ර ܹ
ఆ೐








ܯ௬௬௔ ൅ ഥܹହ ௔ቇ ݀ݔ݀ݕ ර ܹܳ௬
ఆ೐
൅ ഥହ൫ܯ௫௬݊௫ ൅ ܯ௬௬݊௬൯݀ݏ ൌ 0  , 
௰೐











൩ൡ ݀ݔ݀ݕ ൌ 0 , 
ఆ೐











൩ ݕ 0 , ൡ
ఆ೐
݀ݔ݀ ൌ




































൅ ߶௬௔ቇ ݀ݕ ൌ 0 , 
ఆ೐
݀ݔ
න ഥܹଵଵ ൬െܦଵଵכ ܯ௫௫௔ െ ܦଵଶכ ܯ௬௬௔ ൅
߲߶௫௔
߲ݔ
൰ ݀ݔ݀ݕ ൌ 0 , 
ఆ೐
න ഥܹଵଶ ቆെܦଵଶכ ܯ௫௫௔ െ כ ܯ௬௬௔
߲߶௬௔ܦଶଶ ൅ ߲ݕ
ቇ ݀ݔ݀ݕ ൌ 0 , 
ఆ೐












where ߗ௘and ߁௘ denote the element region and the boundary of the element respectively. 
 
3.3.2 Finite Element Equations of Model III 
 
For the Model III, the Lagrange type of interpolation functions can be used to 
approximate the variables. The weight functions and the approximations of the variables 
can be chosen as follow: 
 




ሺݔ, ݕሻক௝ , ଴ ௝
௝
ഥܹଵ ൌ ߰
௨బሺݔ, ݕሻ , ௜




খ௝ , ഥܹଶ ௜
ܹ
ൌ ߰௩బሺݔ, ݕሻ , 








ൌ ߰௪బሺݔ, ݕሻ , 








ൌ ߰థೣሺݔ, ݕሻ , 
߶ ؆ ߶௔ ൌ  ෍ ߰
థ೤
௡





థ೤ሺݔ, ݕሻ , 








ൌ ߰ேೣೣሺݔ, ݕሻ , 










ே೤೤ሺݔ, ݕሻ , 









ேೣ೤ሺݔ, ݕሻ , 









ൌ ߰ொೣሺݔ, ݕሻ , 
ܳ ؆ ܳ௔ ൌ  ෍ ߰௝
௏೤ሺݔ, ݕሻ
௤





ொ೤ሺݔ, ݕሻ , 




ॸଵ , ௫௫ ௫ ௝
௝ୀ
௝ ഥଵଵ ௜ൌ ߰
ெೣೣሺݔ, ݕሻ  , 







ഥܹଵଶ ൌ ௜߰ ሺݔ, ݕሻ   ,
ܹ
ெ೤೤  





ଷ , ഥଵଷ ൌ ௜߰




The primary variables and the secondary variable of the Model III can be specified as 
follow : 
 
<The prima y variable> r
଴ 
<The secondary variable> 
ݑ
 
݊௫ܰ ൅ ݊ ܰ௫௫ ௬ ௫௬









݊ ൅ ௬ܸ݊  










The finite element equations can be obtained by substituting the approximations 























௨బ൫݊௫ ௫ܰ௫ ൅ ݊௬ ௫ܰ௬൯݀ݏ
௰೐






















௩బ൫݊௫ ௫ܰ௬ ൅ ݊௬ ௬ܰ௬൯݀ݏ
௰೐































































































































































ൌ 0 , 
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গ௝൩ൡ ݀ݔ݀ݕ ൌ 0   , 




































































































݀ݔ݀ݕ ൌ 0 , 



















































































Above equations of the (3.14) can be rewritten as the algebraic matrix equation in 
the form of, 
 









ሺ ଵሻሺ ଵሻ൧ ڮ ൣKሺ ଵሻሺ ଻ሻ൧
ڭ ڰ ڭ
ൣKሺ ଻ሻሺ ଵሻ൧ ڮ
ڮ ൣKሺ ଵሻሺ ଵଷሻ൧
گ ڭ








































   . (3.14)
 
The specific sub coefficient matrices can be obtained from the (3.13) as follow: 
 
 





































































































ሾܭସଽሿ ൌ න ൛ ௜߰
థೣ߰ொೣൟ݀ݔ݀ݕ ௝
ఆ೐































  , 
ఆ


















ሾܭ଺଻ሿ ൌ න ቄെܣଵכ
ேೣೣ߰௝
ே೤೤ቅ ݀ݕ  , ଶ ௜߰ ݀ݔ
ఆ೐






  , 
ఆ











቉ቋ ݀ݔ݀ݕ  , 
ఆ೐
ሾܭ଻଺ሿ ൌ න ቄെܣଵଶכ ௜߰
ே೤೤߰௝
ேೣೣቅ ݀ݔ݀ݕ , 
ఆ೐
ሾܭ଻଻ሿ ൌ න ቄെܣଶଶכ
ே೤೤߰௝
ே೤೤ቅ ݀ݔ݀ݕ  , ௜߰
ఆ೐















ൡ ݀ݔ݀  ݕ
ఆ೐






























































































































ሼFଵሽ ൌ ර ψ୧
୳൛n୶N୶୶ ൅ n୷N୶୷ൟds  , 
୻౛ ୻౛
ሼFଷሽ ൌ න ൛ψ୧
୵బqሺxሻൟdxd
ሼFଶሽ ൌ ර ψ୧








ሼFସሽ ൌ ර ψ୧
ம౮൛M୶୶n୶ ൅ M୶୷n୷ൟds ,
୻౛
 ሼF
ହሽ ൌ ර ψ୧
ம౯൛M୶୷n୶ ൅ M୷୷n୷ൟds
୻౛
  , (3.15)
 
The rest of sub coefficient matrices and force vectors which are not specified in 
the (3.15) are equal to zero. 
 
3.4 Model IV of Plate Bending 
 
The membrane resultants ( i.e. ௫ܰ௫, ௫ܰ௬and ௬ܰ௬) can be eliminated by substituting 
the resultant equations of the membrane resultants into the equilibrium equations. By 
eliminating the in plane force resultants( ௫ܰ௫, ௫ܰ௬and ௬ܰ௬), the size of the coefficient can 
be reduced while the effect of it will be discussed in the numerical analysis parts of the 
plate bending.  
 
3.4.1 Weighted Residual Statements of Model IV 
 












































ቇ቉ൡ ݀ݔ݀ݕ െ ර ഥܹଵ൫݊௫ ௫ܰ௫ ൅ ݊௬ ௫ܰ௬൯݀ݏ
௰೐












































ቇ቉ൡ ݀ݔ݀ݕ െ ර ഥܹଶ൫݊௫ ௫ܰ௬ ൅ ݊௬ ௬ܰ௬൯݀ݏ
௰೐


































































































െ ഥܹଷݍሺݔሻ൩ ݀ݔ݀ݕ 




















ܯ௫௬௔ ൅ ഥܹସܳ௫௔ቇ ݀ݔ݀ݕ ൅ ර ܹ
ఆ೐



























൅ ߶௬௔ቇ ݀ݔ݀ݕ ൌ 0 , 
ఆ೐
න ഥ଼ܹ ൬െܦଵଵכ ܯ௫௫௔ െ ܦଵଶכ ܯ௬௬௔ ൅
߲߶௫௔
߲ݔ
൰ ݀ݔ݀ݕ ൌ 0 , 
ఆ೐





ቇ ݀ݔ݀ݕ ൌ 0 , 
ఆ೐













The primary variables and the secondary variable of the Model IV can be 
specified as follow: 
 
 
<The prim y variable> ar
଴ 
<The secondary variable> 
ݑ
 
݊௫ܰ ൅ ݊ ܰ௫௫ ௬ ௫௬





݊ ൅ ௬ܸ݊  
ܯ௫௫݊௫ ൅ ܯ ௬݊௬ ߶
߶௬ 
௫
ܯ௫௬݊௫ ൅ ܯ௬௬݊௬ 
 
3.4.2 Finite Element Equations of Model IV 
 
Ten weigh functions and the approximations of ten independent variables can be 
chosen as the Lagrange type interpolation functions as follow: 
 




ሺݔ, ݕሻক௝ , ௝
௝
ഥܹଵ ൌ ߰
௨బሺݔ, ݕሻ , ௜
ݒ ؆ ݒ௔ ൌ  ෍ ߰௩బ
௟
ሺݔ, ݕሻ଴ ଴ ௝
௝ୀଵ
খ௝ , ഥܹଶ ௜
ܹ
ൌ ߰௩బሺݔ, ݕሻ , 








ൌ ߰௪బሺݔ, ݕሻ , 








ൌ ߰థೣሺݔ, ݕሻ , 










థ೤ሺݔ, ݕሻ , 





ଵ , ഥ଺ ൌ ௜߰
ொೣሺݔ, ݕሻ , 
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ܳ ؆ ܳ௔ ൌ  ෍ ߰௝
ொ೤
௤





ொ೤ሺݔ, ݕሻ , 




ሺݔ, ݕሻॸଵ , ௫௫ ௫ ௝
௝ୀ
௝ ഥ଼ ௜ൌ ߰
ெೣೣሺݔ, ݕሻ , 
















ଷ , ഥଵ଴ ൌ ௜߰
ெೣ೤ሺݔ, ݕሻ  . (3.17)
 
By substituting the (3.17) into the (3.16), the finite element equations of the 
Model IV can be obtained as follow: 
 




















































































































െ ර ഥܹଵ൫݊௫ ௫ܰ௫ ൅ ݊௬ ௫ܰ௬൯݀ݏ
௰೐
ൌ 0 , 
















































































































গ௝൱൩ൡ ݀ݔ݀ݕ െ ර ௜߰
௩బ൫݊௫ ௫ܰ௬ ൅ ݊௬ ௬ܰ௬൯݀ݏ
௰೐
ൌ 0 , 
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݀ݔ݀ݕ ൅ ර ܹ
೐































































































































݀ݔ݀ݕ ൌ 0  , 
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݀ݔ݀ݕ ൌ 0  . 
(3.18)
 
Above equations of the (3.18) can be rewritten in the algebraic matrix equation by 
the form of, 
 









ሺ ଵሻሺ ଵሻ൧ ڮ ൣKሺ ଵሻሺ ଻ሻ൧
ڭ ڰ ڭ
ൣKሺ ହሻሺ ଵሻ൧ ڮ
ڮ ൣKሺ ଵሻሺ ଵ଴ሻ൧
گ ڭ
































































































































































































































































































































































































































































ሼܨଵሽ ൌ ර ߰௜
௨൛݊௫ ௫ܰ௫ ൅ ݊௬ ௫ܰ௬ൟ݀ݏ , 
 
௰೐ ௰೐
ሼܨଷሽ ൌ න ൛ ௜߰
௪బݍሺݔሻൟ݀ݔ݀ݕ ൅ ර ௜߰
௪బൣሺ ௫ܸሻ݊௫ ൅ ൫ ௬ܸ൯݊௬൧݀ݏ
௰
, 
ሼܨଶሽ ൌ ර ௜߰
௩బ൛݊௫ ௫ܰ௬ ൅ ݊௬ ௬ܰ௬ൟ݀ݏ  , 
ఆ೐ ೐
ሼܨସሽ ൌ ර ௜߰
థೣ൛ܯ௫௫݊௫ ൅ ܯ௫௬݊௬ൟ݀ݏ ,
௰೐
 ሼܨହሽ ൌ ර ௜߰
థ೤൛ܯ௫௬݊௫ ൅ ܯ௬௬݊௬ൟ݀ݏ
௰೐
  , (3.20)
 
The rest of the sub coefficient matrices and the force vectors which are not 
specified above are equal to zero. 
 
3.5 Lagrange Type Plate Finite Elements 
 
For present study, the mixed formula allows a use of the Lagrange type of 
interpolation functions[4]. The elements that were used for the computer implementation 
and the numerical analysis are discussed. For the plate problems, 4-node and 9-node 
Lagrange type of elements were used. The geometry of the elements and the locations of 







(a) 4-node linear element (b) 9-node quadratic element 
Fig. 3.1  Node number and local coordinate of the rectangular elements of the 
Lagrange family. 
 
And, the associated interpolation functions are as follow: 




















ሺ1 ൅ ߦሻሺ1 ൅ ߟሻ   . 
 




ሺߦ െ ߦሻሺߟଶ െ ߟሻ,   ߰ ൌ
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1
4
߰ସ ߦଶ ሻሺ1 െ ߟଶሻ,   ߰ହ ሺߦଶ ൅ ߦሻሺߟଶ ൅ ߟ ,   ߰଺ ൌ 2
ሻ
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NONLINEAR EQUATION SOLVING PROCEDURES  
 
 
We obtained matrix form of nonlinear finite element model equations in the 
previous chapters II and III. In this chapter the non-linear equation solving procedures of 
equation (2.4), (2.10), (2.18), (2.22), (3.4), (3.9), (3.14) and (3.19) were discussed. These 
equation solving procedures of the nonlinear mixed finite element models can be 
generally applied for the developed nonlinear finite element models. The Picard Iteration 
method[1, 21] and the Newton-Raphson method[1, 22, 23] were used for the present 
numerical analysis. The solutions obtained from the two different methods can be 
compared to insure the obtained solutions are well converged one, because the 
converging characteristic may vary from one method to the other, but the obtained 
solutions should essentially be the same.  
 
4.1 Direct Iterative Method 
 
The direct method is one of the simplest methods available, because this method 
only requires update of the coefficient matrix with obtained solutions from the previous 
iteration at each iteration step. After updating the coefficient matrix the equation solving 
procedure, which is related to the obtaining of new iterative solutions is just the same as 
solving linear algebraic equations. The flow chart[1] of the direct iteration method is 




Fig. 4.1 A flow chart[1] of the direct iteration method. 
 
4.1.1 Algorithm of Direct Iterative Method 
 
The element wise matrix form of non-linear finite element equations that we 
obtained in chapters II and III, i.e., (2.4), (2.10), (2.18), (2.22), (3.4), (3.9), (3.14) and 
(3.19)  can be assembled as global equations [1] which can be written as 
 
ሾܭሺሼܷሽ ሻሿሼܷሽ ൌ ሼܨሽ (4. 1)
 
where, the ሼܷሽ denotes the global unknowns of the assembled equations. 
Because the coefficient matrix ሾܭሿ is the function of the unknown ሼܷሽ, we need to 
evaluate the ሾܭሿ by using initial guess solutions or the previous iterative solutions[1]. To 




ൣܭ൫ሼܷሽሺݎെ1ሻ ൯൧ሼܷሽሺݎሻ ൌ ሼܨሽ , 
or 
ൣܭ൫ሼܷሽሺݎሻ ൯൧ሼܷሽሺݎ൅1ሻ ൌ ሼܨሽ , (4.2)
 
where, ሼܷሽ௥ is the solution obtained from the rth iteration,  ܭ൫ሼܷሽሺ௥ିଵሻ ൯ is the updated 
coefficient matrix using the previous solutions ሼܷሽሺ௥ିଵሻ and ሼܨሽ is the force vector.  
Now, with the equation (4.2), the simple algorithm can be used to solve the nonlinear 
finite element equations with the direct method, which can be stated as, 
 
ሼܷሽݎ ൌ ൣܭ൫ሼܷሽሺݎെ1ሻ ൯൧
െ1
ሼܨሽ . (4. 3)
 
Above procedure should be repeated until the solutions of rth iteration and the (r-1)th 














 ൏ ߳ , (4. 4)
 
where, ߳ is the tolerance[1].  
 
In this study, values of tolerance[1], Ԗ ൌ 0.01 ~0.001 were chosen for the most of 
the problems. In many cases, with small values of tolerance  (say, Ԗ ൌ 1.0 ൈ 10ିଵ଴), the 




4.2 Newton-Raphson Iterative Method 
 
Usually the Newton-Raphson iterative method[1, 22] shows faster convergence, 
compared with the direct method[1, 21]. Also in many cases, the tangent matrix can be 
symmetry even though the coefficient matrix is not. And with the Newton method, only 
the tangent matrix is inverted to get the incremental solutions, thus only the symmetry 
solver can be used, still the calculations of the tangent matrix and implement of the 
equation solving procedure are substantial. The flow chart[1] of the Newton iteration 
method is given in the Fig. 3.2.  
 
 




4.2.1 Algorithm of Newton-Raphson Iterative Method 
  
In the Newton-Raphson iterative method, the residual[1] or the imbalance force 
vector[1] of the (4.1) can be written as, 
 
ሼܴሺሼܷሽሻሽ ൌ ሾܭሺሼܷሽ ሻሿሼܷሽ െ ሼܨሽ . (4.5)
 
With Taylor’s expansion, the residual ሼRሽ can be expanded to the known solution 
(i.e. the solution of the previous iteration).  
 
ሼܴሺሼܷሽሻሽ ൌ   ൛ܴ൫ሼܷሽሺݎെ1ሻ൯ൟ ൅ ቌ
߲൛ܴ൫ሼܷሽሺݎെ1ሻ൯ൟ
߲ሼܷሽ
· ൫ሼܷሽ െ ሼܷሽሺݎെ1ሻ൯ቍ 






· ൫ሼܷሽ െ ሼܷሽሺ௥ିଵሻ൯
ଶ
ቇ ൅ ڮ . (4.6)
 
By omitting all the terms after the third term of the right hand side of the (4.6), 






· ሼ∆ܷሽ ൌ 0 , (4.7)
where, 
 ሼ∆ܷሽ ൌ ሼܷሽ െ ሼܷሽሺݎെ1ሻ   . 
 










By the substitution of (4.8) into the (4.7), and the inversion of the tangent stiffness 






where the residual can be computed from the previous iterative solution as follow: 
 
 
൛ܴ൫ሼܷሽሺݎെ1ሻ൯ൟ ൌ ቄൣܭ൫ሼܷሽሺݎെ1ሻ ൯൧൛ܷሺݎെ1ሻൟ െ ሼܨሽቅ. (4.10)
 
If we can calculate the tangent matrix from the equation (4.8), the solutions can be 
updated as, 
 
ሼܷሽሺݎሻ  ൌ ሼܷሽሺݎെ1ሻ ൅ ሼ∆ܷሽ . (4.11)
 
For the check of the convergence criterion, it can be computed by using the 
















4.2.2 Calculation of Tangent Stiffness Matrices 
 
In the Newton-Raphson iterative method, it is required to compute tangent 
coefficient matrices to get the incremental solution described in the (4.9). The original 
form of the equation (4.9) can be rewritten as the matrix form of the equation as follow: 
 













ቑ   . (4.13)
 
The component form of this tangent coefficient stiffness matrix and the residual 
vector can be given as (see Reddy [1]),  
݆ܶ݅


















By substituting the equation (4.15) into the equation (4.14), the following equation 
can be obtained (see Reddy[1]). 
 
݆ܶ݅
ߙߚ ൌ  
߲
߲ܷ݆
























Note that the α denotes the equation number which can be matched to the sub 
matrix of the αth row in the (4.13), the β denotes βth column in the (4.13), ܯ denotes the 
total numbers of unknown variables and ܰ is the number of degree of freedom related to 
the variable. Repeated indices mean summation.  
 
4.2.3 Tangent Stiffness Matrices 
 
The symmetry of the tangent stiffness matrix in Newton iterative method is very 
important because most of the computational efforts to find the converged solution after 
obtaining the linear solution(i.e. solutions obtained with zero initial guess solution[1]) 
are related with the inversion of tangent matrix. By the equation (4.9) and (4.10), the 
increment of solution can be obtained by inverting the tangent matrix. The inverse of the 
coefficient matrix is only needed to get the linear solution. Thus the invert of the 
coefficient matrix does not required after very first step of the iteration. It can be shown 
that the first linear solution also can be obtained by using the symmetry solver with the 
choice of a zero initial guess solution. To discuss the symmetry of the tangent matrix, the 
tangent matrices of the newly developed models were calculated by using the equation 
given in (4.16). For example the ሾܶଷଶሿ of the EBT Model I can be calculated with the 
coefficient matrices ܭ௜௝
ଷఊሺߛ ൌ 1, 2, … ,5ሻ which can be given by 
  
ܭ݆݅








































35 ൌ 0 .  
If the degree of the freedom for each variable is ܰ, we can calculate the ௜ܶ௝ଷଶ by 
using the equation (4.16) as 
 
݆ܶ݅
























































൅ 0 ൅ 0 
௫ೌ௞ୀଵ








































    ൌ     ܭ௜௝














where the variables are given by 
 
ܷ݇
ߛ ൌ  ক݇,   গ݇,   Գ݇,   ॽ݇  ܽ݊݀ ॸ݆  for ߛ ൌ 1, 2, … , ܯሺൌ 5ሻ,  respectively. 
 
Likewise, every specific term of the tangent stiffness matrices of newly developed 
nonlinear beam and plate bending models can be calculated. From the equation (4.15), 
we can notice that each of the tangent coefficient matrices is consist of the sum of 
coefficient matrix ܭ௜௝
ఈఉ and the additional terms. So we can express every tangent matrix 
as the form of, ௜ܶ௝
ఈఉ ൌ  ܭ௜௝
ఈఉ+ additional terms. The results of the calculations of the 




- Model I of the beam bending 
 


























- Model II of the beam bending 
 


























- Model III of the beam bending 
 
ሾ ሿ ሾ ሿ න ൬
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- Model IV of the beam bending 
 






























- Model I of the plate bending 
 






























































































- Model II of the plate bending 
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- Model III of the plate bending 
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- Model IV of the plate bending 
 










































ቇቋ ݀ݔ݀ݕ , 










































ቇቋ ݀ݔ݀ݕ , 



























































































































































Rest components of the tangent matrix which are not specified above is the same 




ߙߚ ൅ ሾ0ሿ . (4.26)
 
As mentioned, the symmetry of the tangent matrix can be obtained in every Model 
except for the beam Model I and the plate Model I. Because of shear terms (i. e. , ௫ܸ  and 
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௬ܸ) included we cannot expect the symmetry of the tangent matrix in the beam Model I 
and the plate Model I. Then these two models should be solved by asymmetry solver[1], 
which is based on the Gauss Eliminations[24] to invert a matrix. The numerical results 
will be discussed in the chapter V. 
 
4.3 Load Increment Vector 
 
In the applications of the direct iterative method in nonlinear finite element 
analysis of the structural problems, the load increment is very critical to get converged 
nonlinear solution under a large applied distributed load (ݍ଴). Without proper increment 
load, the solution may not converge with the direct iterative method. But the Newton 
iterative method can be applied at the more general range of applied distributed load (ݍ଴) 
without load increment to get the converged solutions, while more iterative time is 
substantial. The details of the load increment will be discussed in chapter V with the 









In this chapter we will discuss the numerical results of the nonlinear finite element 
models of the beam and plates bending problems. Comparisons of various models are 
presented with linear analysis and non linear analysis. 
 
5.1. Numerical Analysis of Nonlinear Beam Bending 
 
5.1.1 Description of Problem[1] 
 
A beam made of steel (ܧ ൌ 30 ൈ 10଺ ݌ݏ݅) whose geometry is given in the Fig. 
5.1, was chosen for the study of the 1D nonlinear analysis. Three different boundary 
conditions, i.e. HH, PP and CC, were considered to see the performance of the beam. 
 
 
Fig. 5.1 Description of the beam geometry. 
 
Three types of boundary conditions under the distributed load ݍ଴ are considered 
with 4 nonlinear beam bending models developed in the chapter II. The descriptions of 
three boundary conditions are given in the Fig. 5.2. Under evenly distributed load ݍ଴ and 
the given boundary conditions, we can use the symmetry part of the beam as a 
computational domain of the finite element analysis. To use the symmetry part of the 
beam as the computational domain, the mathematical boundary conditions at the middle 
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point (i.e., x=L/2) of the beam should be specified. By the geometry of the beam bending 
under the given boundary conditions and evenly distributed load, the mathematical 
boundary conditions of the middle point can be specified in addition to the boundary 
conditions of the one edge of the beam as shown in the Fig. 5.2. It can be seen that the 
current EBT mixed nonlinear Model I and II do not includes the slope, i.e., െ݀ݓ଴/݀ݔ, as 
a primary variable. It is important to specify either primary or secondary variable as a 
boundary condition. In the same sense we should specify only the moment, ܯ௫௫ሺ0ሻ ൌ 0, 
as a primary variable at the edge of the beam because the slope, െ݀ݓ଴/݀ݔ, is not known 
there. Thus it is clear that if any specified boundary condition exists, one should specify 
either the primary or the secondary variable at the typical nodal point. This can be 
clarified by using the pairs of the primary and secondary variables that we classified in 
the chapter III. With the beam Model IV, the shear rotation of the beam cross section ߶௫ 
was included, so it can be specified as shown in the Fig. 5.2.  
 
ݑ଴ ሺܮ/2ሻ    ൌ 0ݓ଴ 0ሻ   ൌ 0 ሺ
ܯ௫௫ሺ0ሻ ൌ 0 




A hinged-hinged(H-H) beam 
ሺܮ/2ሻ    ൌ 0
߶௫  ሺܮ/2ሻ    ൌ 0(TBT only) 
(EBT only) 
ݑ଴ ሺܮ/2ሻ    ൌ 0ݓ଴ሺ0ሻ   ൌ 0
ሺ0
 
ݑ଴ ሻ    ൌ 0 




A pined-pined(P-P) beam 
ሺܮ/2ሻ    ൌ 0
߶௫  ሺܮ/2ሻ    ൌ 0(TBT only) 
(EBT only) 
ݓ଴ሺ0ሻ ൌ 0 
଴ሺ0ሻ  ൌ 0 
ݑ଴ ሺܮ/2ሻ    ൌ 0 
బ
ݑ
(TBT only) ߶௫  ሺ0ሻ ൌ 0
ௗ௪బ
ௗ௫




A clamped- clamped(C-C) beam 
ሺܮ/2ሻ    ൌ 0
߶௫ ሺܮ/2ሻ    ൌ 0(TBT only)
(EBT only)





5.1.2 Numerical Results 
 
First, the results of the mixed models and the displacement based models[1] are 
compared to see the validness of the solutions. The center deflections of the mixed 
Model I and IV, using eight linear elements (8×L) mesh are presented in the Table 5.1, 
along with the results of the displacement based Models of the EBT and the TBT using 
eight linear-Hermite(8×LH) and eight linear elements(8×L) respectively. Every 
converged solution was obtained by using the Newton-Raphson iterative method. 
The graph of the mixed models and the displacement based models, which are 
given in the Fig. 5.3, shows almost the same results for the two different boundary 
conditions. With the same eight linear elements mesh, the difference of the converged 
solutions is not considerable. And the difference of the solutions between the TBT and 
the EBT beams is also negligible.  
 
Table 5.1  





The center deflection w0 (in) 
Mixed nonlinear Models Displacement based nonlinear Models[1] 
The Model (I) - 8×L The Model (IV) - 8×L EBT - 8×LH TBT - 8×L 
CC PP CC PP CC PP CC PP 
0.0 0.000000  0.000000  0.000000  0.000000  0.0000 0.0000 0.0000  0.0000  
1.0 0.103380(3) 0.368892(5) 0.103492(3) 0.368715(5) 0.1034(3) 0.3685(5) 0.1019(3)  0.3677(5)
2.0 0.202427(3) 0.546221(4) 0.202587(3) 0.545838(4) 0.2023(3) 0.5457(4) 0.1997(3) 0.5451(4)
3.0 0.294349(3) 0.665046(4) 0.294469(3) 0.664527(4) 0.2939(3) 0.6645(4) 0.2906(3) 0.6639(4)
4.0 0.378187(3) 0.756797(4) 0.378194(3) 0.756180(4) 0.3774(3) 0.7564(4) 0.3737(3) 0.7557(4)
5.0 0.454206(3) 0.832666(4) 0.454054(3) 0.831972(4) 0.4530(3) 0.8324(4) 0.4492(3) 0.8316(4)
6.0 0.523212(3) 0.897967(4) 0.522877(3) 0.897212(4) 0.5216(3) 0.8979(4) 0.5179(3) 0.8969(4)
7.0 0.586135(3) 0.955668(4) 0.585607(3) 0.954862(4) 0.5841(3) 0.9558(4) 0.5805(3) 0.9546(4)
8.0 0.643848(3) 1.007606(4) 0.643129(3) 1.006757(4) 0.6414(3) 1.0080(4) 0.6380(3) 1.0066(4)
9.0 0.697107(3) 1.055004(4) 0.696202(3) 1.054117(4) 0.6943(3) 1.0557(4) 0.6910(3) 1.0540(4)












































































































































(b) Comparison of the Model IV with the TBT displacement Model. 
 





But under the hinged-hinged boundary condition, current mixed models showed 
much better results compared with displacement based models. The displacement Model 
showed the membrane locking[14]. The membrane locking occurs because of the 
inconsistent presence the polynomial degree in the approximations. To examine it, we 
consider a hinged-hinged boundary condition with the Model I, II and IV. For the 
hinged-hinged boundary condition, total applied load should contribute for the bending 
of the beam element, because there is no horizontal constrain to cause membrane strain, 











 . (5. 1)
 
To satisfy the physics under the given boundary conditions, strain ߝ௫௫ should be 
zero. But because of the use of polynomial approximations, there can be inconsistency[1] 
of the degree of terms in the strain. Especially, in the displacement based model, ݑ଴ was 
approximated with linear interpolation function, and w଴  was approximated by using 
cubic interpolations functions. For this typical pair of approximations, the degree of the 
each term in the strain ߝ௫௫ can be given by 
 
ߝ௫௫ ؆ 0 ൌ
݀ݑ0
݀ݔ





ሾ૝࢚ࢎ ࢕࢘ࢊࢋ࢘ሿ . (5. 2)
 
Thus it is not easy for ݀ݑ଴/݀ݔ to make whole strain term to be zero, because it is 
presented as constant. This phenomenon is very well known drawback of the nonlinear 





And for the TBT models, another locking can be observed from the shear strain 
relations[1] which can be given as, 
 
ߛ௫௭ ؆ ߶௫ ൅
݀ݓ଴
݀ݔ
ሾൌ ࢉ࢕࢔࢙࢚ࢇ࢔࢚ ሿ . (5. 3)
 
To fix these defect, the reduced integrations[1, 7], use of consistent 
approximations and use of higher order interpolations can be used. The effects of the 
locking with full integration in different models are given in the Table 5.2. 
 
Table 5.2  
Membrane locking in mixed models and misplacement models. 
The load 
(q଴) 









0.0  0.0000 0.0000 0.0000 0.0000 
1.0  0.5181 0.1223 0.5208 0.5108 
2.0  1.0361 0.2446 1.0417 1.0213 
3.0  1.5542 0.3669 1.5625 1.4986 
4.0  2.0723 0.4892 2.0833 1.9453 
5.0  2.5904 0.6115 2.6042 2.3607 
6.0  3.1084 0.7338 3.1250 2.7467 
7.0  3.6265 0.8561 3.6458 3.1074 
8.0  4.1446 0.9784 4.1667 3.4422 
9.0  4.6626 1.1007 4.6875 3.7564 
10.0  5.1807 1.2230 5.2083 4.0523 
 
The results presented in the Table 5.2 are showing that the membrane locking can 
be eliminated by using the mixed nonlinear model in both of the TBT and the EBT 
beams. Usually the locking can be mitigated by using a more refined mesh, but the 
mixed Model I and IV didn’t showed any locking even with 2 linear elements mesh as 






But, among current mixed models, the membrane locking appeared in different 
levels. For example, the comparison of the Model I and the Model II shows that the 
Model I is showing better performance compared with the Model II. But the Model II is 
still showing better result compared with the displacement based model. The result of 
the hinged-hinged(HH) boundary condition of the Model I and II with 2 linear elements 
mesh is given in the Table 5.3. 
The graph (a) given in the Fig. 5.4, shows that the locking can be eliminated with 
the mixed Model I and IV. While the graph (b) shows that the Model II still has 
membrane locking. Even though the Model II has the membrane locking, the effect of it 
is not significant compared to the displacement based model. 
 
Table 5. 3  
Effect of the membrane locking in the mode I and II. 
The load 
(q଴) 









0.0 0.0000 0.0000 0.0000 0.0000 
1.0 0.5208 0.4948 0.5143 0.5192 
2.0 1.0417 0.9896 1.0286 1.0384 
3.0 1.5625 1.4844 1.5430 1.5576 
4.0 2.0833 1.9792 2.0573 2.0768 
5.0 2.6042 2.4740 2.5716 2.5960 
6.0 3.1250 2.9688 3.0859 3.1152 
7.0 3.6458 3.4635 3.6003 3.6344 
8.0 4.1667 3.9583 4.1146 4.1536 
9.0 4.6875 4.4531 4.6289 4.6729 












































































































(b) Comparison of the membrane locking in the EBT Model I and Model II 




Next the effect of the length-to-thickness ratio on the deflections is presented in 
the Tables 5.4 and 5.5. The data in the Table 5.4 is showing that as the beam becomes 
thicker, it acts almost linearly, while thin beam shows nonlinearity more strongly. 
 
Table 5.4  
Effect of the length-to-thickness ratio on the deflections in TBT beam. 
The load 
(q଴) 
TBT(L/H=100) TBT(L/H=50) TBT(L/H=25) 
0.0 0.000000 0.000000 0.000000 
1.0 0.103530 0.064961 0.008169 
2.0 0.202854 0.128734 0.016338 
3.0 0.295229 0.190329 0.024505 
4.0 0.379677 0.249076 0.032671 
5.0 0.456414 0.304625 0.040834 
6.0 0.526203 0.356888 0.048994 
7.0 0.589944 0.405950 0.057150 
8.0 0.648490 0.451996 0.065302 
9.0 0.702587 0.495260 0.073449 
10.0 0.752860 0.535983 0.081591 
 
It can be shown that the differences of the solutions between the TBT and the EBT 
are negligible when the beam is thin, but it is not when the beam is thick. 
Table 5.5    





EBT(I) EBT(II) TBT EBT(I) EBT(II) TBT 
0.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
1.0 0.0313 0.0313 0.0350 0.0310 0.0310 0.0311 
2.0 0.0625 0.0625 0.0700 0.0608 0.0608 0.0609 
3.0 0.0937 0.0938 0.1050 0.0886 0.0886 0.0886 
4.0 0.1250 0.1250 0.1400 0.1141 0.1141 0.1139 
5.0 0.1562 0.1562 0.1750 0.1373 0.1373 0.1369 
6.0 0.1875 0.1875 0.2100 0.1584 0.1584 0.1579 
7.0 0.2187 0.2187 0.2450 0.1777 0.1777 0.1770 
8.0 0.2500 0.2500 0.2800 0.1954 0.1955 0.1945 
9.0 0.2812 0.2812 0.3150 0.2118 0.2118 0.2108 
















































































































(b) Comparison of the effect of length-to-thickness ratio on deflections in the EBT 
and the TBT beams. 




The model III showed poor performance compared with other newly developed 
models, but with cubic element it showed good accuracy and convergence. Some results 
of the model III presented in the Table 5. 6. 
 
Table 5.6  





The center deflection w0 (in) 
The Model (III) - 2×C The Model (III) - 4×C The Model (I) - 2×C The Model (II) - 2×C
CC PP CC PP CC PP CC PP 
0.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
1.0 0.1034 0.3685 0.1034 0.3685 0.1034 0.3685 0.1034 0.3685 
2.0 0.2023 0.5454 0.2023 0.5454 0.2023 0.5454 0.2023 0.5454 
3.0 0.2939 0.6639 0.2939 0.6639 0.2939 0.6639 0.2939 0.6639 
4.0 0.3774 0.7554 0.3774 0.7555 0.3774 0.7555 0.3774 0.7555 
5.0 0.4529 0.8311 0.4530 0.8312 0.4530 0.8312 0.4530 0.8312 
6.0 0.5213 0.8963 0.5215 0.8963 0.5215 0.8963 0.5215 0.8963 
7.0 0.5836 0.9539 0.5839 0.9539 0.5839 0.9539 0.5839 0.9539 
8.0 0.6407 1.0057 0.6411 1.0057 0.6412 1.0057 0.6412 1.0057 
9.0 0.6933 1.0530 0.6939 1.0531 0.6939 1.0530 0.6939 1.0530 
10.0 0.7421 1.0966 0.7429 1.0967 0.7429 1.0967 0.7429 1.0967 
 





ൌ 0 . (5.5)
 
As discussed with the membrane locking and the shear locking, this typical 
relation created other kind of locking, because of the inconsistent approximation for the 
ߠ௫ and ݓ଴. Since we included this relation only in the Model III, only Model III showed 
new kind of locking. But this locking was not fixed with reduced integration when lower 
order interpolation functions (i.e., linear and quadratic) are used. Only higher order 




5.2. Numerical analysis of Nonlinear Plate Bending 
 
5.2.1 Description of Problem[1] 
 
Next, we consider a non-linear plate bending problems using the newly developed 
mixed models in the chapter III. A square plate with the following material properties 
was considered. 
ܽ ൌ ܾ ൌ 10 ݅݊,    ݄ ൌ 1 ݅݊, ൌ 7.8 ൈ
ߥ ൌ 0.3ሺ݋ݎ 0.25 
ܧ 10଺ ݌ݏ݅ , 
 
݂݋ݎ ݈݅݊݁ܽݎ ݈ܽ݊ܽݕݏ݅ݏሻ, 
(5.4)
 
The origin of the coordinate was chosen to be located at the center of the plated. 
The geometry and the coordinate of the plate are described in the Fig. 5.6. 
 
 
Fig. 5.6. A description of the plate bending problem. 
 
As it was discussed in the beam bending problem, due to the given boundary 
conditions and the geometry of the plate and the applied load, the boundary conditions of 
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the rectangular plate with biaxial symmetry were considered. Here three symmetry 
boundary conditions were considered with common mathematical boundary condition 
along the symmetry lines of the quadrant of the plate. The specific boundary conditions 
are given in the Fig. 5.7. Note that for the SS1, at the singular points, i.e. point (5, 5), 
both boundary conditions of  y = 5 and x = 5 , were specified. 
 
 
Fig. 5.7. Symmetry boundary conditions[1, 25] of a quadrant of the square plate.
 
5.2.2 Non-dimensional Analysis of Linear Solutions 
 
To check the accuracy of the newly developed plate bending models, solutions of 
the new models were compared with those of the existing models [3, 26, 27] and analytic 
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solutions. First, the linear solutions of the mixed CPT models will be discussed by 
comparing the data obtained with displacement based model[1, 7]. 
It can be clearly shown, that the linear solution of the Model II is the same as that 
of the mixed model developed by Reddy[7], because both models includes the same 
variables(i.e. vertical displacement, and bending moments) which are related to the 
bending of the plate, while the Model I includes shear resultants also in addition to those. 
The comparison of the results of the various models under the simple support I (SS1) 
and clamped (CC) boundary conditions are given in the Tables 5.7 and 5.8. 
For the simple support (SS1) boundary condition, the Model II showed best 
accuracy for the center vertical deflection, while the Model I provided better accuracy 
for the center bending moment as shown in the Table 5.7. 
 
Table 5.7    
Comparison of the linear solution of various CPT Models, isotropic ( ࣇ ൌ ૙. ૜ ) 
square plate, simple supported (SS1). 
Mesh size 











MODEL I Model II 
Liner 
(4-node) 
Center deflecti n (* eq
 ݓ
o uivalent quadratic), 
ഥ ൌ ݓ ൈ ܦଵଵ ൈ 10ଶ/ሺݍ଴ ൈ ܽସሻ ( Exact solution, 0.4062 [7] ) 
1×1 0.4613( *   -    ) 0.4613(    -     ) 0.4613 0.9018 0.347 0.220 
2×2 0.4383(0.4154) 0.4237(0.4154) 0.4237 0.5127 0.392 0.371 
4×4 0.4135(0.4067) 0.4106(0.4067) 0.4106 0.4316 0.403 0.392 
6×6 0.4094(0.4063) 0.4082(0.4063) 0.4082 0.4172 - - 





g nt(equivalent quadratic), 
ഥ ൌ ܯ ൈ 10/ሺݍ଴ ൈ ܽଶሻ ( Exact solution, 0.479 [7]) 
1×1 0.7196(    -     ) 0.7196(    -     ) 0.7196 0.328 0.604 - 
2×2 0.5029(0.4906) 0.5246(0.4096) 0.5246 0.446 0.515 - 
4×4 0.4850(0.4797) 0.4892(0.4796) 0.4892 0.471 0.487 - 
6×6 0.4816(0.4790) 0.4834(0.4790) 0.4834 0.476 - - 






Table 5.8   
Comparison of the linear solution of various CPT Models, isotropic ( ࣇ ൌ ૙. 3) 
square plate, clamped (CC). 
Mesh size 
















e ent quadratic), 
ഥ ൌ ݓ ൈ ܦଵଵ ൈ 10ଶ/ሺݍ଴ ൈ ܽସሻ ( Exact 0.1265 [7] ) 
1×1 0.1576(*    -   ) 1.6644(    -     ) 1.6644 0.7440 0.087 0.026 
2×2 0.1502(0.1512) 0.1528(0.1512) 0.1528 0.2854 0.132 0.120 
4×4 0.1310(0.1279) 0.1339(0.1278) 0.1339 0.1696 0.129 0.121 
6×6 0.1284(0.1268) 0.1299(0.1268) 0.1299 0.1463 - - 
8×8 0.1265(0.1265) 0.1270(0.1266) - - - - 
Liner 
(4-node) 
C  bending adratic), enter  moment(equivalent qu
 ܯഥ ൌ ܯ ൈ 10/ሺݍ଴ ൈ ܽଶሻ  ( Exact 0.230 [7]) 
1×1 0.4918(    -     ) 0.5193(    -     ) 0.5193 0.208 0.344 - 
2×2 0.2627(0.2552) 0.3165(0.2552) 0.3165 0.242 0.314 - 
4×4 0.2354(0.2312) 0.2478(0.2310) 0.2478 0.235 0.250 - 
6×6 0.2318(0.2295) 0.2374(0.2295) 0.2374 0.232 - - 
8×8 0.2286(0.2290) 0.2310(0.2291) - - - - 
 
For the clamped (CC) boundary condition, the Model I showed best accuracy both 
for the center vertical deflection and the center bending moment as shown in the Table 
5.8. The difference of the solution between Model I and Model II was caused by the 
presence or absence of the shear resultant in the finite element models. Thus, by 
including the shear resultants (i.e., ௫ܸ and ௬ܸ) as nodal values in the CPT mixed finite 
element model, more accurate center bending moment and center vertical deflection 
were obtained. 
Next, current CPT mixed models were compared with the displacement based 
model. For the CPT displacement based model, non-conforming [4] and the 
conforming[4] elements should be used because of the continuity requirement of the 
weak formulation[1]. Current mixed models provided better accuracy when the 
compatible nine-node quadratic element was used. But the four-node liner element also 
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provided acceptable accuracy compared with the non-conforming displacement based 
model. And, for the SS1 boundary condition with the Poisson’s ratio, ߥ ൌ 0.25, the 
Model II also showed better accuracy as it did with ߥ ൌ 0.3. In both cases, stresses 
obtained from the current mixed model showed better accuracy, because the stresses can 
be directly computed by using bending moment or shear resultant obtained at the node, 
not including any derivative. Stresses in the Table 5.9, were obtained by the following 
equations. See equation (1.25) of the chapter I for specific terms of the matrix Q (i.e. 
ܳ௜௝,   ݅, ݆ ൌ 1,2,6 ), while ܳ௫ is the vertical shear resultant of the FSDT. And ܦ௜௝כ  is the 
component of the invert of matrix [D] given in the (1.24) and (1.29). 
 
 
ߪ௫௫ ൌ ܳ ߝ ൅ ܳଵଶߝ  ൌ ܳଵଵ ௫ ൅ ܳଵଶ ௬௬ ൅ ൣܳ ଵሺݖߝ௫௫ଵ ሻ
       ൌ ߝ଴ ൅ ܳଵ ߝ ௬଴ ൅ ݖ ቈܳ ቆെ
߲ଶݓ଴
߲
ଵଵ ௫௫ ௬௬ ߝ௫଴ ߝ଴ ଵ ൅ ܳଵଶ൫ݖߝ௬௬ଵ ൯൧ 
ܳଵଵ ௫௫ ଶ ௬ ଵଵ ݔଶ




   ൌ ௫
݄
    
ܰ ௫ ൅ ݖൣܳଵଵ൫ܦଵଵכ ௫௫ ൅ ܦଵଶכ ܯ ௬
଺଺ ௫௬ ߛ௫௬଴ ଴ ൯ 
ܯ ௬ ൯ ൅ ܳଵଶ൫ܦଶଵכ ܯ௫௫ ൅ ܦଶଶכ ܯ௬௬൯൧ 
(5.6)
ߪ௫௬ ൌ ܳ ߛ  ൌ ܳ଺଺ ൅ ܳ଺଺൫ݖߛ௫௬




       ൌ ௫ܰ௬
݄
൅ ݖܳ ൣܦכ ܯ ൧ ଺଺ ଺଺ ௫௬




ሺܱ݈݊ݕ ݂݋ݎ ݐ݄݁ ܨܵܦܶ, ݓ݅ݐ݄ ܭ௦ ൌ 5/6. ሻ  . (5.8)
 
 
Not only vertical deflection but also stresses showed better accuracy under simple 
supported I (SS1) boundary condition, when they were compared with those of the 
displacement based model. In most of the cases results obtained with 9-node quadratic 
element presented better accuracy. Results of isotropic plate, under SS1 boundary 




Table 5.9    
Comparison of the CPT linear solution with that of the displacement model, 
isotropic ( ࣇ ൌ ૙. ૛૞ ) square plate, simple supported (SS1). ࢝ഥ ൌ ࢝ࡱ૛૛ ൈ ૚૙૛/ሺࢗ૙ࢇ૝ሻ,   
࣌ഥ ൌ ࣌ࢎ૛/ሺࢗ૙ࢇ૛ሻ,   ࣌࢞࢞ሺ૙, ૙, ࢎ/૛ሻ,    ࣌࢞࢟ሺࢇ/૛, ࢈/૛, ࢎ/૛ሻ 
Mesh type 
Linear (4-node) Quadratic (9-node) 
Exact[1]
2×2 4×4 8×8 1×1 2×2 4×4 
Model  I 
ݓഥ  4.9407 4.6534 4.5903 4.6753 4.5752 4.5704 4.5701 
ߪ௫௫തതതതത 0.2912 0.2800 0.2772 0.2835 0.2859 0.2762 0.2762 
ߪത௫௬തതതത 0.2132 0.2114 0.2097 0.2498 0.2288 0.2162 0.2085 
Model II 
ݓഥ  4.7801 4.6221 4.5831 4.6753 4.5749 4.5704 4.5701 
ߪ௫௫തതതതത 0.3035 0.2823 0.2864 0.2835 0.2767 0.2762 0.2762 
ߪ௫௬തതതതത 0.1987 0.2054 0.2078 0.2498 0.2283 0.2160 0.2085 
Mesh type 
Linear(4-node) and 
Non-conforming (12 - node) 
Linear (4-node) and 
Conforming (16 - node) Exact[1]
2×2 4×4 8×8 2×2 4×4 8×8 
DSPL. [1] 
ݓഥ  4.8571 4.6425 4.5883 4.7619 4.5952 4.5739 4.5701 
ߪ௫௫തതതതത 0.2405 0.2673 0.2740 0.2637 0.2637 0.2731 0.2762 
ߪ௫௬തതതതത 0.1713 0.1964 0.2050 0.1688 0.1935 0.2040 0.2085 
 
Table 5.10    
Comparison of the CPT linear solution with that of the displacement Model, 
isotropic ( ࣇ ൌ ૙. ૛૞ ) square plate, clamped(CC). ࢝ഥ ൌ ࢝ࡱ૛૛ ൈ ૚૙૛/ሺࢗ૙ࢇ૝ሻ,   ࣌ഥ ൌ
࣌ࢎ૛/ሺࢗ૙ࢇ૛ሻ,   ࣌࢞࢞ሺ૙, ૙, ࢎ/૛ሻ,    ࣌࢞࢟ሺࢇ/૛, ࢈/૛, ࢎ/૛ሻ 
Mesh type 
Linear (4-node) Quadratic (9-node) 
Exact
2×2 4×4 8×8 1×1 2×2 4×4 
Model  I 
ݓഥ  1.6933 1.4746 1.4220 1.7043 1.4386 1.4234 1.4231 
ߪ௫௫തതതതത 0.1528 0.1360 0.1318 0.1486 0.1335 0.1321 - 
ߪത௫௬തതതത 0.0433 0.0144 0.0062 0.0318 0.0067 0.0071 - 
Model II 
ݓഥ  1.7239 1.5080 1.4278 1.7043 1.4381 1.4248 1.4231 
ߪ௫௫തതതതത 0.1839 0.1431 0.1331 0.1486 0.1333 0.1321 - 
ߪ௫௬തതതതത 0.0378 0.0127 0.0068 0.0318 0.0065 0.0071 - 
Mesh type 
Linear(4-node) and 
Non-conforming (12 - node) 
Linear (4-node) and 
Conforming (16 - node) Exact
2×2 4×4 8×8 2×2 4×4 8×8 
DSPL. [1] 
ݓഥ  1.5731 1.4653 1.4342 1.4778 1.4370 1.4249 1.4231 
ߪ௫௫തതതതത 0.0987 0.1238 0.1301 0.0861 0.1197 0.1288 - 




Improvement was noticed with clamped boundary condition. The comparison of 
the results with isotropic plate (ߥ ൌ 0.25), under CC boundary condition are given in the 
Table 5.10. 
Next, the numerical results of the Model III and IV are compared with the results 
of the Reddy’s mixed model[1]. The mixed model developed by Reddy included 
bending moments as independent nodal value in the finite element model, while current 
Model III and IV included vertical shear resultants (i.e., ܳ௫  and ܳ௬ ), as independent 
nodal value. Note that the difference between Model III and VI comes from the presence 
or absence of membrane forces (i.e., ௫ܰ௫, ௬ܰ௬  and ௫ܰ௬) in the finite element models. 
Thus, the solution of the linear bending of each model is essentially the same as shown 
in the Table 5.11. 
 
Table 5.11     
Comparison of the current mixed FSDT linear solution with that of the other mixed 
model (Reddy[7]), with isotropic ( ࣇ ൌ ૙. ૛૞, ࡷ࢙ ൌ ૞/૟ ) square plate, simple supported 
(SS1). 
Mesh size 
Current Models Mixed 
(Reddy[7]) 
Current Models Mixed 




ݓഥ ൌ ݓܦଵଵ ൈ 10ଶ/ሺݍ଴ܽସሻ, 
 (Exact 0.427[8]) 
Center t  bending momen
ܯഥ ൌ ܯ ൈ 10/ሺݍ଴ܽଶሻ,  
(Exact 0.479[8]) 
1×1 0.4174(*  -     ) 0.4174(    -     ) 0.4264 0.6094(    -     ) 0.6094(    -     ) 0.6094 
2×2 0.4293(0.4345) 0.4293(0.4345) 0.4321 0.5060(0.4779) 0.5060(0.4779) 0.5070 
4×4 0.4280(0.4277) 0.4280(0.4277) 0.4285 0.4849(0.4779) 0.4849(0.4779) 0.4850 
8×8 0.4275(0.4273) 0.4275(0.4273) - 0.4803(0.4785) 0.4803(0.4785) - 
 
 
Also the comparison of the center deflection and stresses of current models with 
those of the displacement based model is presented in the Table 5.12. In most of cases, 






Table 5.12  
Comparison of the linear solution of the FSDT with isotropic ( ࣇ ൌ ૙. ૛૞, ࡷ࢙ ൌ ૞/૟ ) 
square plate, simple supported (SS1).  ࢝ഥ ൌ ࢝ࡱ૛૛ ൈ ૚૙૛/ሺࢗ૙ࢇ૝ሻ,   ࣌ഥ ൌ ࣌ࢎ૛/ሺࢗ૙ࢇ૛ሻ,  




Linear (4-node) Quadratic (9-node) 
Exact[1]
2×2 4×4 8×8 1×1 2×2 4×4 
Model (III) 
ݓഥ  4.8139 4.7987 4.7931 4.8727 4.7950 4.7913 4.7914 
ߪ௫௫തതതതത 0.2920 0.2797 0.2771 0.2756 0.2755 0.2762 0.2762 
ߪ௫௬തതതതത 0.2093 0.2098 0.2097 0.2399 0.2216 0.2135 0.2085 
ߪത ௫௭തതത 0.3962 0.4025 0.4047 0.3576 0.3907 0.4002 0.3927 
Model (IV) 
ݓഥ  4.8139 4.7987 4.7931 4.8727 4.7950 4.7913 4.7914 
ߪ௫௫തതതതത 0.2920 0.2797 0.2771 0.2756 0.2755 0.2762 0.2762 
ߪ௫௬തതതതത 0.2093 0.2098 0.2097 0.2399 0.2216 0.2135 0.2085 
ߪത ௫௭തതത 0.3962 0.4025 0.4047 0.3576 0.3907 0.4002 0.3927 
DSPL.[1] 
ݓഥ  4.8887 4.8137 4.7866 4.9711 4.8005 4.7917 4.7914 
ߪ௫௫തതതതത 0.2441 0.2684 0.2737 0.2645 0.2716 0.2750 0.2762 
ߪ௫௬തതതതത 0.1504 0.1869 0.2737 0.1652 0.1943 0.2044 0.2085 
ߪ௫௭തതതത 0.2750 0.3356 0.2008 0.2886 0.3425 0.3735 0.3927 
 
5.2.3 Non-linear Analysis 
 
Total 12 load step was used to see the significance of the non-linearity with the 
following incremental load parameter vector [1] ,  ܲ ൌ ݍ଴ܽସ / ሺܧଶଶ ݄ସሻ . 
 
 ܲ ൌ ሼ 6.25,   12.5,   25.0,    25.0,   25.0, 25.0, 25.0, 25.0, 25.0, 25.0, 25.0,   25.0 ሽ  (5.9)
 
A tolerance ߳ ൌ 0.01  was used for convergence in the Newton – Raphson 
iteration scheme. Model I and II was compared with the CPT displacement base model 
to see its non-linear behavior. In non-linear analysis of the CPT, center deflection, 
normal stress and membrane stress were compared with the results of the non-
conforming and conforming displacement based models.  
101 
 
First, the center defection, ݓ଴, of the newly developed models are presented in the 
Table 5.13. In every load step, converged solution was obtained within 4 iterations. To 
investigate the effect of reduced integration, results of full integration and the reduced 
integration were presented in the Table 5.13. In both of the model, the locking was not 
severe and the effect of reduced integration was not significant.  
 
Table 5.13  




   
Center deflection, w, CPT-(SS1) 
MODEL I  MODEL II 
4x4-Linear 2x2-Quadratic 4x4-Linear 2x2-Quadratic 
FI RI FI RI FI RI FI RI 
6.25 0.2736 0.2737 0.2691 0.2691 0.2718 0.2719 0.2691 0.2691 
12.50 0.5090 0.5096 0.5005 0.5007 0.5059 0.5064 0.5005 0.5007 
25.00 0.8608 0.8629 0.8468 0.8475 0.8565 0.8579 0.8470 0.8476 
50.00 1.3119 1.3163 1.2923 1.2943 1.3061 1.3093 1.2932 1.2947 
75.00 1.6185 1.6244 1.5960 1.5997 1.6114 1.6157 1.5977 1.6004 
100.00 1.8572 1.8641 1.8328 1.8383 1.8488 1.8539 1.8357 1.8394 
125.00 2.0559 2.0637 2.0302 2.0377 2.0462 2.0521 2.0339 2.0391 
150.00 2.2280 2.2365 2.2011 2.2107 2.2171 2.2235 2.2059 2.2125 
175.00 2.3811 2.3900 2.3529 2.3649 2.3689 2.3757 2.3588 2.3669 
200.00 2.5196 2.5289 2.4901 2.5045 2.5062 2.5133 2.4971 2.5068 
225.00 2.6465 2.6562 2.6158 2.6327 2.6320 2.6394 2.6240 2.6352 
250.00 2.7641 2.7741 2.7321 2.7515 2.7484 2.7561 2.7414 2.7541 
 
Then, using 8 × 8 linear and 4 × 4 quadratic elements, non-linear normal stresses 
and center deflection of the Model I were compared with those of the non-conforming 
and the conforming displacement based models. The results of vertical deflection ans the 






Table 5.14  
Comparison of the center deflection and normal stress of Model I and II with the 





Center deflection, w, CPT-(SS3) 
MODEL I MODEL II DSPL DSPL 
8x8-L 4x4-Q 8x8-L 4x4-Q 8X8-CF 8x8-UCF 
0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
25.00 0.6836 0.6774 0.6966 0.6771 0.6690 0.6700 
50.00 0.9581 0.9501 0.9743 0.9497 0.9450 0.9460 
75.00 1.1388 1.1296 1.1572 1.1293 1.1270 1.1280 
100.00 1.2775 1.2675 1.2977 1.2672 1.2670 1.2680 
125.00 1.3919 1.3813 1.4137 1.3809 1.3830 1.3830 
150.00 1.4902 1.4791 1.5134 1.4787 1.4830 1.4830 
175.00 1.5770 1.5654 1.6015 1.5650 1.5710 1.5710 
200.00 1.6552 1.6432 1.6809 1.6428 1.6510 1.6510 
225.00 1.7265 1.7142 1.7533 1.7138 1.7240 1.7240 





Normal stresses,  ߪ௫௫௡௢௥௠௔௟ሺ0,0,0.5݄ሻ ൈ ܽଶ/ܧଵଵ,   CPT-(SS3) 
MODEL I MODEL II DSPL DSPL 
8x8-L 4x4-Q 8x8-L 4x4-Q 8X8-CF 8x8-UCF 
0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
25.00 5.5195 5.5008 5.3402 5.4980 5.4260 5.4230 
50.00 8.2751 8.2782 8.0297 8.2741 8.2470 8.2270 
75.00 10.2633 10.2937 9.9885 10.2901 10.3090 10.2710 
100.00 11.8988 11.9589 11.6072 11.9541 12.0170 11.9610 
125.00 13.2682 13.4106 13.0238 13.4098 13.5130 13.4400 
150.00 14.6077 14.7273 14.3036 14.7196 14.8670 14.7770 
175.00 15.8033 15.9322 15.4838 15.9311 16.1170 16.0090 
200.00 16.8734 17.0628 16.5872 17.0613 17.2870 17.1620 
225.00 17.8924 18.1308 17.6290 18.1271 18.3930 18.2510 
250.00 18.9188 19.1385 18.6199 19.1411 19.4460 19.2870 
 
The non linear load versus deflection and load versus stress graphs are given in 
the Fig.5.8. Under the SS3 boundary condition, both of the vertical deflection and 
stresses of the Model I and II showed very close value when they are compared with the 
displacement based model. The normal stresses and the membrane stresses were 
computed at the ሺ0,0,0.5݄ሻ and ሺ0,0,0ሻ respectively. 9-nodel quadratic element showed 




















































load parameter,  P = q0 x a4 / (E22 x h4)
CPT- DSPL-SS3 8X8-CF-Normal
CPT- DSPL-SS3 8X8-UCF-Normal
CPT- MODEL(I) -SS3 4X4-Q-Normal
CPT- MODEL(I) -SS3 4X4-Q-Membrane
(b) Load verses center normal stress 
Fig. 5.8. Plots of the membrane and normal stress of Model I, II and CPT 
displacement model under SS3 boundary condition.
 
To see the convergence of the various models, center deflections of previously 
developed models with 2×2 quadratic and 4×4 linear meshes under SS1 and SS3 
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boundary conditions were compared. Every model showed good convergence with a 
tolerance, ߳ ൌ 0.01 , except for the Model IV. The Model IV showed acceptable 
convergence with SS3 boundary condition, but with SS1 it took more iteration times to 
converge than other models. The iterative times taken to get converged solutions of the 
various models are presented in the table 5.15. 
 
Table 5.15  
Comparison of the convergence of Model I, II , III and IV under the SS1 and 





Center deflection, w (*iteration times to converge), SS1 various models 
Model (III) Model (IV) Model (I) Model (II) 
4x4-L 2x2-Q 4x4-L 2x2-Q 2x2-Q 2x2-Q 
0.00 0.0000(3) 0.0000(3) 0.0000(3) 0.0000(3) 0.0000(3) 0.0000(3) 
6.25 0.2821(3) 0.2816(3) 0.2877(3) 0.2847(3) 0.2691(3) 0.2691(3) 
12.50 0.5213(3) 0.5195(3) 0.5281(5) 0.5233(5) 0.5007(3) 0.5007(4) 
25.00 0.8730(3) 0.8695(3) 0.8801(6) 0.8736(6) 0.8475(3) 0.8476(4) 
50.00 1.3195(3) 1.3187(3) 1.3237(7) 1.3169(7) 1.2943(3) 1.2947(3) 
75.00 1.6228(3) 1.6282(3) 1.6302(7) 1.6256(7) 1.5997(3) 1.6004(3) 
100.00 1.8589(3) 1.8720(3) 1.8684(7) 1.8663(7) 1.8383(3) 1.8394(3) 
125.00 2.0553(3) 2.0769(2) 2.0682(7) 2.0688(7) 2.0377(3) 2.0391(3) 
150.00 2.2251(3) 2.2552(2) 2.2420(6) 2.2456(6) 2.2107(3) 2.2125(3) 
175.00 2.3757(3) 2.4141(2) 2.3914(6) 2.3973(6) 2.3649(3) 2.3669(2) 
200.00 2.5116(3) 2.5580(2) 2.5308(6) 2.5392(6) 2.5045(2) 2.5068(2) 
225.00 2.6376(2) 2.6898(2) 2.6592(6) 2.6704(6) 2.6327(2) 2.6352(2) 





Center deflection, w (*iteration times to converge), SS3 various models 
Model (III) Model (IV) Model (I) Model (II) 
4x4-L 2x2-Q 4x4-L 2x2-Q 2x2-Q 2x2-Q 
0.00 0.0000 0.0000 0.0000 0.0000 0.000 0.000 
6.25 0.2911(4) 0.2865(4) 0.2912(4) 0.2866(4) 0.2718(4) 0.2713(4) 
12.50 0.4779(3) 0.4709(3) 0.4784(3) 0.4716(3) 0.4561(3) 0.4552(3) 
25.00 0.7076(3) 0.6978(3) 0.7080(3) 0.6982(3) 0.6872(3) 0.6860(3) 
50.00 0.9763(3) 0.9626(3) 0.9760(4) 0.9622(4) 0.9578(3) 0.9563(4) 
75.00 1.1542(3) 1.1375(3) 1.1535(4) 1.1367(4) 1.1360(3) 1.1345(4) 
100.00 1.2914(3) 1.2724(3) 1.2908(4) 1.2715(4) 1.2730(3) 1.2714(4) 
125.00 1.4050(2) 1.3841(2) 1.4046(4) 1.3832(4) 1.3861(3) 1.3845(4) 
150.00 1.5030(2) 1.4803(2) 1.5015(3) 1.4783(3) 1.4834(2) 1.4818(3) 
175.00 1.5897(2) 1.5655(2) 1.5885(3) 1.5636(3) 1.5693(2) 1.5678(3) 
200.00 1.6679(2) 1.6422(2) 1.6669(3) 1.6405(3) 1.6467(2) 1.6452(3) 
225.00 1.7393(2) 1.7124(2) 1.7385(3) 1.7107(3) 1.7173(2) 1.7159(3) 




In the nonlinear analysis of the FSDT, the non-linear center deflection, normal 
stress and membrane stress of the Model III were compared with the results of 
displacement based models. The results are presented in the Table 5.16. A 4x4 quadratic 
mesh showed the closest result to the displacement FSDT model’s result as shown in the 
Fig. 5.9. 
 
Table 5.16     
Comparison of the center deflection and normal stress of Model III with the 





Center deflection, w, FSDT-Model (III) 
SS1 SS3 DSPL(SS1) DSPL(SS3) 
8x8-L 4x4-Q 8x8-L 4x4-Q 4x4-Q 4x4-Q 
0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
6.25 0.2815 0.2813 0.2823 0.2804 0.2813 0.2790 
12.50 0.5192 0.5187 0.4671 0.4645 0.5186 0.4630 
25.00 0.8678 0.8677 0.6956 0.6922 0.8673 0.6911 
50.00 1.3117 1.3159 0.9626 0.9582 1.3149 0.9575 
75.00 1.6148 1.6254 1.1389 1.1339 1.6241 1.1333 
100.00 1.8522 1.8702 1.2748 1.2693 1.8687 1.2688 
125.00 2.0509 2.0769 1.3872 1.3812 2.0758 1.3809 
150.00 2.2241 2.2583 1.4840 1.4777 2.2567 1.4774 
175.00 2.3786 2.4213 1.5697 1.5631 2.4194 1.5628 
200.00 2.5191 2.5702 1.6470 1.6401 2.5681 1.6398 
225.00 2.6480 2.7080 1.7176 1.7104 2.7056 1.7102 





Norm l stresses,  ߪ ሺ0,0,0.5݄ሻ ൈ ܽଶ/ܧଵଵ, FSDT-Model(III), 4x4Q a ௫௫
SS1 SS3 D ) SPL(SS1 D ) SPL(SS3
ߪ௫௫ெ௘௠௕௥௔௡௘ ߪ௫௫ே௢௥௠௔௟ ߪ௫௫ெ௘௠௕௥௔௡௘ ߪ௫௫ே௢௥௠௔௟ ߪ௫௫ே௢௥௠௔௟ ߪ௫௫ே௢௥௠௔௟ 
0.00 0.0000 0.0000 0.0000 0.0000 0.000 0.000 
6.25 0.1228 1.8382 0.2415 1.8836 1.780 1.856 
12.50 0.4124 3.5098 0.6646 3.3424 3.398 3.300 
25.00 1.1211 6.0584 1.4838 5.3620 5.885 5.137 
50.00 2.4550 9.3685 2.8656 8.0544 9.165 8.001 
75.00 3.6076 11.6627 4.0327 10.0497 11.465 9.983 
100.00 4.6341 13.4941 5.0765 11.7036 13.308 11.634 
125.00 5.5698 15.0596 6.0326 13.1587 14.889 13.085 
150.00 6.4411 16.4546 6.9241 14.4891 16.290 14.398 
175.00 7.2587 17.7226 7.7666 15.7033 17.567 15.610 
200.00 8.0353 18.8989 8.5692 16.8457 18.748 16.743 
225.00 8.7770 20.0025 9.3372 17.9294 19.854 17.812 





















































load parameter,  P = q0 x a4 / (E22 x h4)
FSDT- DSPL-SS1 4X4-Q-Normal
FSDT- DSPL-SS3 4X4-Q-Normal
FSDT- MODEL(III) -SS1 4X4-Q-Normal
FSDT- MODEL(III) -SS1 4X4-Q-Membrane
FSDT- MODEL(III) -SS3 4X4-Q-Normal
FSDT- MODEL(III) -SS3 4X4-Q-Membrane
(b) Load verses center normal and membrane stress 
Fig. 5.9 Plots of the center deflection, normal and membrane stress of Model III 
with that of the FSDT displacement model under SS1 and SS3 boundary 
conditions. 
 
To see distributions of the variables other than displacements, images of the 
distribution of each variable are presented in the Fig. 5.10 and 5.11. The data was post 
processed inside of each element using 10 gauss points ranging from -0.975 to 0.975, in 
both newly developed models (i.e., Model I and III) and FSDT displacement based 
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model. Converged solutions of SS3 at the load parameter, P = 250.0, were used for the 
post processing 
 





Fig. 5.10 Post processed quadrant images of the variables in various models, SS3, 




































































(b) FSDT displacement model  
Fig. 5.11. Plots of the non-linear membrane stresses of Model III and FSDT 
































































(a) FSDT displacement model  
Fig. 5.12. Plots of the non-linear bending moments of Model III and FSDT 





Even though all of them are showing similar patterns for each variable as shown 
in the Fig. 5.10, one can easily notice that the images obtained from the current mixed 
models offer better picture at the boundaries of the elements, while the images obtained 
from the displacement based model shows discontinuous states. And more obviously, the 
graphs of the Fig. 5.11 and 5.12 are showing that the distribution of stresses and bending 
moments of Model III is better than the displacement FSDT, even though bending 
moments of Model III have some oscillations at the element boundary. This is the merit 
of the current mixed models which cannot be achieved without including force like 









In this study, advantages and disadvantages of newly developed nonlinear finite 
element models of beams and plates bending were discussed with numerical simulations 
under various boundary conditions.  
As an advantage, the locking of the beam element was eliminated or attenuated 
with newly developed beam models, depending on the inclusion of variables and also 
choice of the interpolation functions. Especially with the model III, the effect of 
including some variable was shown, and to fix new locking, use of high order 
interpolation function (i.e., cubic interpolation function) was adopted. 
For almost every case, newly developed plate bending models provided better 
accuracy for linear solutions of the vertical deflection and force like variables. When it 
was compared with the analytic solutions, both new models and traditional models 
showed good accuracy for the displacement (i.e., vertical deflection w0), but new mixed 
models presented much better accuracy for the stress fields. The 9-node quadratic 
element performed better than 4-node linear element in most of cases, while linear 
element still provided acceptable accuracy compared with existing traditional models.  
In non linear analysis, most of the newly developed mixed models showed good 
convergence of non-linear solutions, when it was compared with the displacement based 
non-linear models. But inclusion of the some variable affected convergence of non-
linear solution in the FSDT models. The Model IV showed poor convergence compared 
with other models, because of the absence of typical variable in the mixed formula. 
The post processed data of newly developed plate bending models presented better 
continuity at the element boundary, while displacement based FSDT model showed 
noticeable discontinuity at the element boundary. Even if these defects of displacement 
based model can be overcome by more refined mesh or other post processing techniques, 
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the essentially the level of accuracy for force like variables cannot be the same as that of 
current mixed models. 
We can conclude that two main advantages of the mixed model are the reduction 
of the continuity requirements for the vertical displacement, and the increase of the 
accuracy for the resultants included in the finite element models. The disadvantages of 
current models are the sacrificed computational cost caused by the increased numbers of 
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